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Inequalities for Symmetric Means
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ABSTRACT. We study Muirhead-type generalizations of families of inequalities due to Newton, Maclaurin
and others. Each family is defined in terms of a commonly used basis of the ring of symmetric functions in n
variables. Inequalities corresponding to elementary symmetric functions and power sum symmetric functions
are characterized by the same simple poset which generalizes the majorization order. Some analogous results
are also obtained for the Schur, homogeneous, and monomial cases.

RESUME. Nous étudions les inégalités de Muirhead et ses analogues qui géneralise les inégalités de Newton,
Maclaurin, et des autres. Chaque famille d’inégalités correspond a une base de ’anneau de polinémes
symmétriques avec n variables. Avec un seule poset qui géneralise I’ordre “majorization”, nous caracterisons
les familles qui d’inégalités qui correspondent aux bases {e)} et {p)}. Nous avons des résultats analougues

pour les bases {hy}, {sx}, {mr}.

1. Introduction

Commonly used bases for the vector space A] of homogeneous of degree r symmetric functions in
n variables x = (z1,...,2,) are the monomial symmetric functions {mx(x)| A - r}, elementary symmetric
functions {ex(x) | A F r}, (complete) homogeneous symmetric functions {hx(x) | A F r}, power sum symmetric
functions {px(x)|A F r}, and Schur functions {sx(x)|A F r}. (See [Sta99, Ch.7] for definitions.) When
r =0 we adopt the conventions mg(x) = eg(x) = ho(x) = so(x) = 1 and pg(x) = n.

To each element gy(x) of these bases, we will associate a term-normalized symmetric function G (x)
and a mean & (x) by

X
(1.1) Gi(x) = ;:((173)7 B (x) = VG (x).
Note that {GA(x)| A r} forms a basis of A7, and that the functions {®,(x) | A I r}, while symmetric, are
not polynomials in x and therefore do not belong to the ring of symmetric functions A,. In the definition
of &,(x), we assume r > 0.
The term symmetric mean is often used to describe a function &(x) : R%; — R>o which is symmetric

in z1,...,2, and which for all a,b € RY,, c € R>( satisfies

(1) min(a) < &(a) < max(a),

(2) a < b (componentwise) implies & (a) < &(b),

(3) limpb_o®&(a+b)=6(a).

(4) B(ca) = c&(a).
(See, e.g., [Bul03, p.62].) For fixed n and two means §, &, we will write F(x) < &(x) or &(x) —F(x) >0
if we have §(a) < &(a) for all a € RE;. We define the inequality F'(x) < G(x) analogously. Note that if the
degrees of F(x) and G(x) are equal, then we have F(x) < G(x) if and only if we have §F(x) < &(x).
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The study of inequalities in symmetric means has quite a long history. (See, e.g., [Bul03], [HLP34].)
Perhaps the best known such inequality is that of the arithmetic and geometric means,

€1(x) = &, ().
Other symmetric function inequalities which may be stated in terms of means are due to
(1) Muirhead [Mui03]: For A\, u b r,
Mi(x) < M, (x) if and only if ¢ majorizes A, equivalently,
M (x) <M, (x) if and only if ¢ majorizes A,
(2) Maclaurin [Mac29]: For 1 <i < j <mn,
¢i(x) = €;(x),
(3) Newton [New, p.173]: For 1 <k <n—1,
Ei(x) > Ekt1,k-1(x), equivalently,
Crk(x) > Cpyq o1 (%),
(4) Schlomilch [Sch58]: For 1 <4 < j,

Pi(x) < B; (),
(5) Gantmacher [Ganb9, p.203]: For k > 1,

Dk k(X) < prg1k—1(X), equivalently,
Py, 1;(x) < Pyy1,6-1(x), equivalently,

Brek (%) < Prt1,6-1(x),
(6) Popoviciu [Pop34]: For 1 <i < j,
9i(x) < 9;(x),
(7) Schur [HLP34, p.164]: For k > 1,

Hy 1 (x) < Hyq1,6—1(x), equivalently,
ek (x) < Hpey1 k—1(x).

It is easy to use the inequalities of Newton, Gantmacher, and Schur to derive the inequalities of Maclaurin,
Schlémilch, and Popoviciu, respectively. Furthermore, we will show in Section 4 that Muirhead’s inequalities
imply those of Newton and Gantmacher.

Note that the term-normalized symmetric functions and mean which we have associated to a symmetric
function in (1.1) are defined only for a finite number n of variables. Nevertheless, we may essentially
eliminate dependence upon n from the inequalities enumerated above by considering them to be inequalities
in sequences of functions,

G = (G(xl), G(xl,xg),G(Il,IQ,Ig), Ce ),
6 = (6(.’51),6($1,I2),®(I1,I2,I3),...).

More generally, we will define partial orders on such sequences by declaring F' < G if we have F(x) < G(x)
for all n > 0, and § < & if we have F(x) < &(x) for all n > 0. The principal goal of this paper is to
characterize the infinite partial orders on the sequences {&,|A F 1,2,...} corresponding to the common
bases of the ring of symmetric functions.

Note that Muirhead’s inequalities are indexed by pairs of arbitrary partitions of a fixed integer, while
other inequalities are indexed by one- or two-part partitions, not necessarily of a fixed integer. Using the
common bases of A7, we will state and prove inequalities in pairs (&, ®,,) of means for which A and p are
arbitrary and do not necessarily partition the same integer. We consider elementary means and power sum
means in Sections 2-3, and other means and inequalities in Section 4.
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2. Elementary Means

Generalizing Maclaurin’s and Newton’s inequalities are inequalities of the form &, < &,, which we
characterize in Theorem 2.3 in terms of sequence majorization. Let a = (a1, @, ... ) be a weakly decreasing
nonnegative sequence. If the components of « are integers (respectively, rationals) which sum to r, we say
that « is an integer partition (respectively, a rational partition) of r and write a - r or |a| = 7.

Given two sequences «, 3, with |a| = |8] < co, we write @ < 8 and say that 8 majorizes « if for each
index ¢ the corresponding initial partial sums satisfy

ot o <Pt A+ B
(If necessary, append zeros to the end of either sequence so that the partial sums are defined.) For ¢ € R>,
d € N, we define operations of scalar multiplication a — ca, and repetition a — a? by
ca = (caq, cag,...),
a = (a1y...,00,Q0,...,Q9,,...).
—_——— ———
d d

Given an integer partition A = (A;, \a, ... ), we will define the transpose partition \"= (A}, \},...) by

)\E =max{i|\; > j}.

The following facts are either well-known or easy to see.

OBSERVATION 2.1. Let A, p be integer partitions with |A| = |u|, let ¢ be a positive real number, and let
d be a positive integer.

(1) (N = A
(2) (d\)' = A9,
(3) (X)) =dA.
A A= ps=cA=2cu+= N pl <= N = 4l
For A = (A1,...,\¢) b r, the term-normalized elementary symmetric function F(x) is given by

ex(x)
(o) (%)
and the corresponding elementary mean is the rth root of this, €,(x) = {/E\(x). Since A% is a partition of
dr, we have the following stability property of elementary means under the repetition operation.

Ex(x) =

OBSERVATION 2.2. For any partition A and integer d > 1 we have €y = &,a.

The following theorem shows that inequalities of the form &) < €, are characterized by the majorization
order on rational partitions of 1.

THEOREM 2.3. Given integer partitions A and u, we have

)\T ILLT
¢\ <€, if and only if W = m

PROOF. First let us consider the case that |[A| = |u|. This case, asserting the equivalence of E\ < E,
and \' < ', was first proved in [Cut06, Thm.5.7].
(=) Suppose that A\ A u'. Then for some index i we have

N4 A >l
Choosing a number n > max(A1, p1) and specializing the symmetric functions Ej(x), E,(x) at
Ty = =a =t
Tig1 =+ =oTp =1,
we obtain polynomials in N[t] of degrees A} + - -+ + A} and u} + - - - + pl, respectively. Thus we have
tlir{)lo[EA(t,...,t,l,...,l)—Eu(t,...,t,l,...,l)] = o0,

which implies that Ex £ E,,.
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(«=) Now suppose that A" < u', or equivalently that A >= p, and write A = (A1,...,\¢). If X covers p in
the majorization order, then there exist indices 1 < j < k < £ for which we have
= ()\15 .. '7)‘j*17)\j - 17)‘j+15 R Ak*lv)\k + 17)\k+17 ) Al)
Thus E,(x) — Ex(x) is equal to
Ex(x)
————(FE\. _ E — E\.(x)E .
. ), (X)( i —1(X) Ex41(x) — Ex, (%) Ex, (%))

Rewriting Newton’s inequalities as
B  E(x) _ Es(x)
Eo(x) ~ Ei(x) T Ea(x) T

we see that Ey; (x)Ey, (x) < Ex;-1(x)Ex, +1(x), which implies that Ex < E,,. If A does not cover p in the
majorization order, then there exists a sequence of partitions

ILL:V(O)SV(l)S"'SV(m):)\;

in which each comparison of consecutive partitions is a covering relation, such that we have
m—1
Bu(x) = Bx(x) = Y (B (x) = By (x)) > 0,
i=0
and consequently Ey < E,.
Now consider the case that |A| and |u| are not equal. By Observation 2.2, we have

E\(x) = Epu (%), E,(x) = €, ().

Since Al and pl*l are both partitions of || - |u|, we have €, < €, if and only if (A*)" < (uA. By

Observation 2.1 this is equivalent to the condition %\TI = % 0

From Theorem 2.3, we see that the poset describing inequalities &) < €, of elementary means is
isomorphic to the dual of the majorization order on rational partitions of 1. For all » > 1, this poset
contains the (dual of the) majorization order on partitions of r. Figure 1 shows the restriction of this poset
to elementary means €, corresponding to integer partitions of 1,...,6. Note that some integer partitions
do not appear in this poset because of the equalities implied by Observation 2.2. Partitions of integers
dividing 6 have been emphasized to show the embedding in this poset of the dual of the majorization order
on partitions of 6.

From Theorem 2.3, we see that this poset is not finitary: between any two partitions, there must be
another. In particular, if |A\| = |u| = r and A is covered by p in the majorization order on partitions of r,
then A2 is not covered by u? in the majorization order of parititions of 2r.

Define the semiring N to be the set of all nonnegative linear combinations of products of symmetric
functions of the forms

{Ei,j(x) - Ei+1,j_1(x) | 1<5<i<n— 1} @] {EZ(X) | 1< < n}
The proof of Theorem 2.3 shows that each difference £\ — F,, with u majorizing A belongs to N.

3. Power Sum Means

We now generalize Schlomilch’s and Gantmacher’s inequalities by characterizing inequalities of the form

Pr < PB,. Note that for A = (A\1,..., ) - r, the term-normalized power sum symmetric function Py(x) is
given by
AX
Py(x) = £ n(z )’

and the corresponding power sum mean is the rth root of this, P (x) = {/Px(x). Like the elementary basis
{ex(x) |\ F 7} of AT, the power sum basis {px(x)| A F r} is multiplicative. We therefore have the following
equalities.

OBSERVATION 3.1. For any partition A and integer d > 1 we have Py = Pa.
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FIGURE 1. Equivalence classes of partitions of 1,...,6 ordered by inequalities in elementary means.

To prove a power sum analog of Theorem 2.3, we whall use the following alternative characterization of
the majorization order on integer partitions.

LEMMA 3.2. Given a partition A = (A1,..., ), define a function ¥y : N — N by
1/))\(11,) = ISI?%(Z{/\l + A — ku}

Then for two partitions \, p b r, we have that A = p if and only if ¥x(u) < Yx(u) foru=20,...,r.

PRrROOF. Note that 9y (u) is equal to the number of boxes in columns u+1,...,r of the Young diagram
of A,
() =7 — (AL 4+ X))
Thus the condition 9 (u) < 1, (u) for u = 0,...,r is equivalent to the condition A" = u', which in turn is
equivalent to A = p. O

The following result shows that inequalities of the form ‘B < B, are characterized by the majorization
order on of rational partitions of 1. In fact, we have P, < ‘B, if and only if we have &€, > €,,.

THEOREM 3.3. Given integer partitions A and p, we have
)\T T
P <P, if and only if o - o
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PROOF. Let A = (A\1,...,An0), o= (pb1,- .., ftm). Let us first consider the case that |A\| = |u|. In this
case the theorem asserts the equivalence of Py < P, and A = p.

(=) Suppose that A A p. Using Lemma 3.2, choose an index j such that ¥ (j) > ¥,.(j), and consider
the functions ¢ (t), ¢,(t) defined by

¢A(t):PA(t,1,...,1):ié
~—— tJ

t’\ +t3 Z Z gt —

::13 &':l“

ti k=0 {i1,....ix }
1
out) = Pu(t. 1, 1) = 0 (tH + 1) Z D gt
o =1 k=0 {d1,...,ix }

These are polynomials in ¢ of degrees 15(j) and 1,,(j), respectively. Thus we have
Jim [62() — @, (1)] = o0

which implies Py £ P,.

(<) Suppose that A < p. Then we proceed as in the proof of Theorem 2.3 with Gantmacher’s inequalities
replacing those of Newton and conclude that Py < P,.

In the case that A and p are not equal, we again proceed as in the proof of Theorem 2.3. Applying
Observation 3.1, we see that

Pa(x) = Pam(x),  Pulx) =P (x).

Thus we have P < B, if and only if el < M or equivalently, if and only if \/\| = \Z\ 0

The similarity of Theorems 2.3 and 3.3 is somewhat curious. Apparently we have that B, <, if and
only if &y > €&,. Thus the poset of power sum means is dual to the poset of elementary means.

Define the semiring G to be the set of all nonnegative linear combinations of products of symmetric
functions of the forms

[P jo1(®) = Piy(x) |1 < <i<n—1}U{P(x) |1 <i <n}.
The proof of Theorem 3.3 shows that each difference P,(x) — Py(x) with p majorizing A belongs to G.

4. More Inequalities

The authors have obtained some results and have formulated some conjectures concerning characteriza-
tion of inequalities of the forms & < &, My <M, H\ < H,, for A and p not necessarily partitions of the
same integer.

Let us consider the generalization of Muirhead’s inequalities which would characterize all inequalities of
the form My < IM,,. Note that a formula for the term-normalized monomial symmetric function is given by

my(x)
(al,...,ZT,nff) 7

where «; is equal to the number of parts of A which are equal to j. Unlike the elementary and power sum
bases, the monomial basis {mx(x) | A F r} of A7, is not multiplicative. Nevertheless, rational partitions of 1
seem to characterize monomial means as follows.

M)\(X) =

CONJECTURE 4.1. Given integer partitions A and p, we have

A AT
LA P JRANE Sy
Al Al [l
Equivalently, M, <9, if and only if € < € and Py < P,

=y

My <M, if and only if

This conjecture suggests defining a double majorization order on integer partitions by A < p if \_/A\I = ﬁ
T
and \L;I = ﬁ It is easy to see that when |\| = |u|, double majorization becomes ordinary majorization.

Thus for each r € N, the majorization order of partitions of r is a subposet of the double majorization order.
Figure 2 shows the restriction of this poset to integer partitions of of 1,...,5.
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FIGURE 2. Double majorization of partitions of 1,...,5.
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It is well-known that Muirhead’s inequalities imply many other inequalities. For instance, a straightfor-
ward computation shows that Gantmacher’s inqualities are essentially special cases of those of Muirhead,

n—1

Pri1,1(x) = Prr(x) = (Miet1,k—-1(%) — My 1 (x)).

A lengthier computation shows that one can obtain Newton’s inequalities by adding various inequalities of
Muirhead.

THEOREM 4.2. We have

k—1
Ek,k(x) — Ek-‘,—l,k—l (X) = Z dj (Mgk—jli+2j—k (X) - MQk—j—112j+2 (X)),
7=0
where

k—1\ (mn—k

o (6
(n=k)(})

PROOF. Omitted. O

Thus by the comments at the ends of Sections 2 and 3, the inequalities in these sections can be derived
from those of Muirhead. It would therefore be interesting to express homogeneous and Schur differences
H(x)—H,(x) and Sy(x)—S,(x) as nonnegative linear combinations of Muirhead differences M) (x)—M,,(x).
The authors have obtained partial results suggesting that this is possible in many cases.

Generalizing all of the inequalities considered so far are those of the form § < &, where the means are
constructed from homogeneous elements f(x) € A¥ and g(x) € A which need not be commonly used basis

elements of these spaces,
X) = Zcﬁmm g(x) = ZdAm,\.
rHk AR
It would be interesting to characterize these inequalities in terms of the coordinate sequences (cy)x-k- By
the homogeneity of means, it would be sufficient to restrict one’s attention to coordinate sequences which
sum to 1.

To ensure that the means are well defined, one would have to require that the symmetric functions F'(x)
and G(x) evaluate nonnegatively on all nonnegative vectors (of finite support). This condition does not
imply F and G to be monomial nonnegative, or even to be nonnegative linear combinations of Muirhead
differences. This suggests the following question.
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QUESTION 4.3. Which symmetric functions f(x) € A (F(x) € A}) satisfy f(a) > 0 (F(a) > 0) for all
real nonnegative vectors a of finite support?
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