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Jacobi-Trudi formula for Jack functions of rectangular shapes and
hyperdeterminants

Sho Matsumoto

ABSTRACT. We derive a Jacobi-Trudi type formula for Jack functions of rectangular shapes. In this formula,
we make use of a hyperdeterminant, which is Cayley’s simple generalization of the determinant. In some
cases, we also express these Jack functions by a hyperpfaffian, which is a generalization of pfaffians in
Cayley’s sense. In addition, we give summation identities of the products of Schur functions involving
hyperdeterminants and hyperpfaffians.

1. Introduction

The Schur function sy [13, §I] satisfies the Jacobi-Trudi formula
(1.1) sx = det(hx; —itj)1<ij<n.

Here A = (A1, Aq,...) is a partition whose length £(\) is equal to or less than n, and hy is the complete
symmetric function, or equivalently, the one-row Schur function hj = s(z).

The Jack function Qg\a) [13, §VI-10] has one parameter o > 0 and includes the Schur function as the
special case a = 1. Furthermore, the Jack function associated with a = 2 or % is the zonal polynomial
related to a Gelfand pair in representation theory.

In this paper, we consider the problem of finding a Jacobi-Trudi type formula for Jack functions. We
can see an expansion formula for Jack functions with respect to one-row Jack functions in [7, 9]. However,
we would like to obtain a Jacobi-Trudi formula expressed in a determinant-like form like (1.1). Kerov [8]
obtained such a formula when X is a hook. Especially, he gave the expression

(@) _ ahi—i+ )+l =] () A
g _det< aXi+ (X)) —i Ixi—iti Lcijen or a hook A,

where g,(ca) is one-row Jack function QEZ)) . In non-hook cases, such a Jacobi-Trudi type formula is not known.

Our main result is to give the Jacobi-Trudi type formula for Jack functions associated with rectangular-
shape partitions. Here we say A to be rectangular-shape when the associated Young diagram is rectangular,
ie, A= (L") =(L,L,...,L) for some positive integers L and n.

In our formula, we employ a hyperdeterminant. The hyperdeterminant is a simple generalization of the
determinant and defined by

n

1 . .
det”™(4) = ] Z sgn(oy) - - - sgn(o2m) HA(01 (1), 00m (i),
: 01,.00,02m EG i=1

for an array A = (A(i1,..-,%2m))1<ir,...,ism<n- 1t is defined by Cayley [3] and studied in [2, 5, 10, 12, 16].
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Now we give our main theorem. According to the notation of Macdonald’s book [13], let Pia) and Qg\a)
be the Jack P-function and Q-function, respectively. Let ey be the elementary symmetric function. We put

g,(ca) = ex, = 0 for negative integers k.

THEOREM 1.1 (Main Theorem). Let m, n,and L be positive integers. Then we have

(1/m) _n! (mh)" om], (1/m)
(12) Q(Ln) — (mn)' 'det[ ](gL+i1+...+im,im+1,...,i2m)1§i1,...,i2m§n>
m)  nl(mh™ m
(1.3) e = )l et (€Lt iy o biny —i g1 =iz )1 i iz <

This theorem gives the Jacobi-Trudi formula for Jack functions of rectangular shapes with parameter
a =m or 1/m. If we substitute m = 1, we obtain the Jacobi-Trudi formula for Schur functions of rectangular
shapes,

S(Lny = det(hL—i-i—j)lgi,jgn, S(nl) = det(eL+i_j)1§i7an.
The Jacobi-Trudi formula for Jack functions of other partitions is still open.
Furthermore we give another formula for Jack functions. When « is an even integer 2m or its reciprocal,
we will express the corresponding Jack function of rectangular shapes as a “hyperpfaffian” (see Theorem 4.3).

The hyperpfaffian is the pfaffian analogue of the hyperdeterminant. In particular, we obtain the following
pfaffian expressions for Jack functions with parameter o = 2 or 1/2.

THEOREM 1.2. Let A = (A1, Aa,...) be a rectangular partition of length < n and let X' be its conjugate
partition. Then we have

1 o
(1.4) g‘1/2) :m pf((4 — Z)gvj+2n+17i7j)1§i<j§2n,
(1.5) Py =@n—1n PE((J —i)ey; rant1—ij)1<i<i<an,
(1/2)

with gr = g, and

Anf' 1 fOT].San,
(1.6) =9 " .
j—n) forn+1<j<2n.
In particular, expressions in (1.4) and (1.5) are independent of the choice of n.

ExaMPLE 1.3. Let A = (A1, A2, A3) be a rectangular partition of length < 3, i.e, A is (L,0,0), (L, L,0)
or (L,L,L) for a positive integer L. Then

0 Drata 20043 392 491 Sgns

~Gra+4 0 In+2 20041 30xh 4gn

/1 e 20048 —gn+e 0 9 291 3gag-2
Q@ =Tz Pt _ _9 _ 2

15 392 +2 Gri+1 I 0 Gra—2  20x;-3

_4g>\2+1 _39)\2 _29>\2—1 —GXo—2 0 grz—4

_59)\3 _49)\371 _39)\372 _29)\373 —gxz3—4 0
O

In the final section, we give another application of hyperdeterminants. We obtain summation identities
for the product of Schur functions involving hyperdeterminants and hyperpfaffians.

2. Preliminaries

We use the notation in Macdonald’s book [13]. We identify a partition A with the associated Young
diagram. Let £(\) be the length of X\. Denote by X' the conjugate partition of A, or its Young diagram of X'
is obtained by transposing that of .

Let oo > 0 be a positive real number and let A(a) be the Q(a)-algebra of symmetric functions in variables

x = (X1,X2,...). Let P;\’l) be the Jack P-functions and Qg\a) the Jack @-functions, see [13, §VI-10]. They
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have the relation Qg\a) = bg\a)Pia) with

a(hi —j)+ A —i+1

bg‘a): H g : .
ey a(Xi —j+1)+ A —i

They are a-extensions of Schur functions; Pil) = Qg\l) = sx. Note that the one-column Jack P-function P((ffc))

is equal to the elementary symmetric function e; and therefore is independent of a. We set g,(f) = QEZ‘))

The generating function of g,(ca) is given by

GO =1+ g x)2" = (1 - xi2) Y/
k=1 =1

Jack functions satisfy the Cauchy identity

(2.1) Y PN y) = [ @ -xiy)Ve,

A:partitions 7,j=1

where y = (y1,y2,...) is another sequence of variables.
Let T = {z € C | |z| = 1} be the unit circle and let dz be the Haar measure on T such that [ .dz = 1.
Jack functions have the orthogonality property

1

(2.2) - Pz, 20) Q5 (21, 20) V(21 oy 20) [/ %d2y . 2y
. 'ﬂ"n
n+(-a—-i+1
:6)\uIn(a) H - - ,
(i.5)Er n+ja—1
where (i,7) in the product runs over all boxes on the Young diagram A. Here V (z1,..., z,) is the Vander-

monde determinant
V(o) = [ (2= 2) = det(z] i j<n,

1<i<j<n

and we put

1
I.(a) = /T|V(z1,...,zn)|2/“dz1...dzn.

“ ol

The explicit value of I,,(«) is obtained from the so-called Dyson conjecture, see e.g. [1, §8],
F(n/a+1)

2.3 I, = -

23) (@) = TP /at 1)

3. Proof of the main theorem

3.1. Hyperdeterminants. We state the definition of the hyperdeterminant again.

DEFINITION 3.1 ([3, 2]). For an array A = (A(i1,...,%2m))1<i1,...,izm <n, We define the hyperdeterminant
of A by
m 1 - . .
det™(4) = — > sgn(or) - -sgn(oem) [[ Alo1(i), - ., o2m (i)
01,.,00m ESH, =1
d
We sometimes write A as (A(i1,...,%2m))n]. It is clear that when m = 1 Definition 3.1 agrees the

definition of the usual determinant of a square matrix.
Let f be a function on T whose Fourier expansion is f(z) = Y, ., d(k)zF. We define the Toeplitz
hyperdeterminant of f by

ng] (f) == det2™ (d(iy 4 iz 4 4 im — Gt = — G2m))[n]-
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REMARK 3.2. Luque and Thibon [12] studied the Hankel hyperdeterminant
HE™(f) = det®™ (d(iy + iz + -+ + )0 ,in <01

Any Toeplitz hyperdeterminant can be expressed as a Hankel hyperdeterminant. In fact, it is easy to see
that
DE™I(f) = (~1)ymnn =D R ) £ (z)),

The Toeplitz hyperdeterminant has an integral expression.

LEMMA 3.3. For any f € LY(T), we have
m 1 . m
DEm(f) = o [ TL 7D Vs z)Prdas - da,
Jj=1

Proor. It is straightforward. In fact, since
V(z1,...,20)]* = det(z;f_ihgi,jgn . det(Z]-_n+i)1§i,j§na

we see that

/ H f(z) - |V(21,. .0y 20)Pd2y - - d2p
e

= Z sgn(oy) - - -sgn(oam) / Hf 01(] —mom () Foma i)+ +a2’"(J)dz - dzy,.

01,0.,02m €EGy

The last integral is calculated as
H / f(z)zfm(j)*---fam(j)+am+1(J')+---+02m(j)dz — H dor(j) + -+ 0m(§) = Ome1(j) = -+ — o2 (j)).
. T .

Therefore the claim follows from the definition of the Toeplitz hyperdeterminant. O

EXAMPLE 3.4. Let 1 be the trivial function 1(z) = 1. From Lemma 3.3 and (2.3), we have

DEI(1) = 1, (1/m) = )

n

n!(m!)n’
a

3.2. Proof of Main Theorem. The equality (1.3) follows immediately from (1.2) and the duality

theorem [13, §VI, (10.17)] for Jack functions P & Q) (1/e) , and so we will prove (1.2).
We normalize the Toeplitz hyperdetermmant as

DE™(f) _ nlm)™ o
ng](l) o (mn)' Dn (f)

We also consider a shifted Toeplitz hyperdeterminant
DU (f) = DE™(z""f(2)),  for any a € Z.

Then the expression (1.2) is rewritten as

DE™(f) =

n

THEOREM 3.5. leL/nm (x) = ﬁfff] (GE™),

PROOF. We may assume G%/™ (z) belongs to L'(T). Apply Lemma 3.3 to f(z) = 2~LG{/™ (2). Then

m m 1 - — . —m m
Dn2,L](G(1/ )y = W/ H {szH(l—xizj) } AV (21, -0y 20)P™d2y - - d2g.
j=1 i=1

Observe

P((gz)(zl, ceyzn) = (21 za)L.



JACOBI-TRUDI FORMULA FOR JACK FUNCTIONS )

(This follows from the reduction identity

(a)

P((;1)7___,>\,,)(X1’ . >Xn) =Xp--- XnP(A1_17___7>‘n_1) (Xl, . ,Xn) if >\n ;é 0,
see [13, §VI (4.17)].) From this and the Cauchy identity (2.1), we see that

[2m] (1/m)y — (1/m) ;
DGR = B )y
X g\l/m)(zla...,z ) ((1/7)n)(21572n) |V(Zl,,2n)|2md2’1dzn
Tn

Therefore we obtain

n L
2m m 1/m n—l—(]—l)/m—z—i—l 1/m 1/m 1/m
DG = P o) TN = = = Pluey” b = Q4o

by the orthogonality property (2.2). O
Thus, we have proved Theorem 1.1.

3.3. Remarks on hyperdeterminant expressions. From hyperdeterminant expressions (1.2) of
Jack functions, we have the following explicit expansion.

PRroprosITION 3.1. For any positive integers m and L, we have

min{m,L}

k
(1/m) _ ( (1/m)y2 n2 (=1) (1/m) (1/m)
(3.1) Quiry =(g"")" +2(m!) ; (m + k) (m — k_)!gL+k 9Lk >
ProOF. By Theorem 1.1, we have
(L/m) _ (1/m) 1/m)
@y =
with
Cm,k = Z sgn(oq -+ 0am)-
Jl,...702m6627
o1(1)+40m(l)—omy1(l)——02m(l)= k or —k
We evaluate cp k. It is clear that cmo = 2DY™ (1) = (2m)!/(m!)2. For k > 1,
Cm ke =2 Z sgn(oy -+ - oom)
01,0.0,02m ES2,
o1+ tom(1)=om41(1)++0o2m (1) +k
m—k
=2 Z sgn(oy -+ om) - Z sgn(Om+1 - - Oam)-
=0 O1yeeey O €EG2, Omd1s02m ES2,
o1(1)+-+om(1)=2i+m—it+k Om+1(1)+-+0o2m (1)=2i+m—i

Here we regard each i as the number of the set {j | m +1 < j < 2m, o;(1) = 2}. Thus,

=25 () (1) =2t (1) (1) et ()

Therefore we obtain the claim. O

The expansion (3.1) is a special case of results in [7].

4. Hyperpfaffian expression of Jack functions

We express rectangular-shape Jack functions with a = 2m or 1/(2m) by a “hyperpfaffian”. In particular,
if « =2 or 1/2, the Jack function is expressed by the (ordinary) pfaffian.
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4.1. Hyperpfaffians. Let B = (B(iy,...,%2m))[2n] be the array such that
(4.1) B(irl(l); iTl(g), e )irm(Qm—l)y iTm(Qm)) = sgn(ﬁ) . Sgn(Tm)B(il, ey igm)

for any (71,...,7m) € (62)™. Here each 7, € &5 permutates 2s — 1 with 2s. For example, if m = 2, relation
(4.1) is described as
B(i17i27i3yi4) = _B(i2yilyi37i4) = _B(i17i27i4yi3) = B(i27ilyi47i3)-

DEFINITION 4.1. For an array B = (B(i1, .. .,i2m))[2n) satisfying (4.1), we define the hyperpfaffian of B
by

- 1 . . . .
(4.2) pfl2m(B) = — S sgu(orom) [[ Blo1(2i = 1),00(2i), ..., 0m(2i — 1), 00 (2i)),
01,---,0m ECay =1

where €y, = {0 € Gay, | 0(2i — 1) < 0(2i) (1 <i <n)}. O

When m =1, it is just the ordinary pfaffian pf(B) of an alternating matrix B = (B(%, j))1<i,j<2n-

4.2. Relations with Barvinok’s hyperpfaffians. Our hyperpfaffian is seen to be a special case
of Barvinok’s hyperpfaffian [2]. We give the explicit relationship between these two hyperpfaffians. Let
M = (M(i1,...,i2m))[2mn] be an array satisfying

M(ir(1),---sirzm)) = sgn(T) M (i1, . .., i2m)
for any T € &y,,. Barvinok [2] (see also [11]) defines his hyperpfaffian by

1

pleml(ar) = — > sgn(o) [[ M(e(@m(i — 1) + 1),0(2m(i — 1) +2),...,0(2mi)),
0E€EC2mn,2m =1

where

Comn2m = {0 € Gomp | c(2m(i —1)+1) <o@2m(i—1)+2) < - <o(2mi) (1 <i<n)}.
As the following proposition states, our hyperpfaffian pf 2ml g a special case of Pf [2m] However, our hyper-
pfaffian is more useful than Barvinok’s when we state our theorems below.

PROPOSITION 4.1. Let B = (B(i1,...,4i2m))32n] be an array satisfying (4.1). Let
M= (M(Zl7 ey ZQm))[an]

be the array whose entries M(i1,...,i2m) are given as follows if i1 < --- < iom. If there exist 1 <
Tly.voyTom < 2n such that iss—1 = 2n(s — 1) + ra5—1 and izs = 2n(s — 1) + ro5 for any 1 < s < m,
then M (i1, ...,%2m) = B(r1,...,rom). Otherwise define M (i1,...,i2m) = 0. Then we have

pf2™(B) = Pfi2™(ar).

PROOF. The value [}, M(c(2m(i—1)+1),0(2m(i—1)+2),...,0(2mi)) is zero unless the permutation
0 € Bz, satisfies
2n(s—=1)+1< o@2m(i—1)+2s—1),0(2m(i — 1) +2s) < 2ns

forany 1 <¢ <n and 1 <s <m. Therefore we have

m 1 = . ,
priml(ar) = m > elon,om) [[ MG 2n(s = 1) + 04(2i = 1),2n(s — 1) + 04(2i),---),
01,.,0m EC2p i=1
where €(o1, .. .,0.,) is the signature of the permutation o defined by

o2m(i—1)+2s—1)=2n(s—1) +04(2i — 1) and o(2m(i — 1) +2s) = 2n(s — 1) + 04(29)

for any 1 <i <n and 1 < s < m. Hence we have Pf[2m](M) =e(id, ... ,id)pf[Qm] (B), and so €(id, . ..,id) =
sgn(p), where p is the permutation such that

pCm(i—1)+2s—1)=2n(s—1)+2i—1 and p(2m(i — 1) +2s) = 2n(s — 1) + 2i.
Now it is straightforward to see sgn(p) = 1. O
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4.3. Proof of Theorem 1.2. The following lemma gives the connection between the Toeplitz hyper-
determinant and hyperpfaffian.

LEMMA 4.2. For a function f(z) =Y, ., d(k)z* € L*(T), we have

waﬁszM<IHmf%%1»M@n+nm—Zﬁw> -
[2n]

s=1 k=1
PrROOF. From Lemma 3.3, it is sufficient to prove the equality
(4.3) pf*™ (R(iy, .. Syiam)) o) = E/ f(z1)f(z2) - f(zn) - H |2j — z|*™dzy - - dzn,
FJT 1<j<k<n
where R(il, ey ng) = HT:l(iQS — 2'2571) . d((2n + l)m — il — i2 — = Z2m)
First we recall the formula (see [15, pp.216] for example)

j—n—1 . j—n—1
det <zi 2| (G-n—2)z 2

= H |zj — 2.

>1<j<2n,1<fc<n 1<j<k<n

Here det(a; k|bj,k)1<j<2n,1<k<n denotes the determinant of the matrix whose j-th row is given by

(a1 bjn aj2 bz - @jn bjn).
From the determinantal expansion
n
(4.4) det(ais)i<ijezn = Y s80(0) [T (@0 1)2i 1802525 = @o(2j1),2i0002),25 1),
c€Copy j=1

we have

n

H |2 — |t = Z sgn(o) H(U(Qj) —0(2j — 1)) o(2j—1)+0(2)—2n—1

1<j<k<n ocECay j=1
Therefore we see that

Y GO R CA R | QR L S ot

n'
1<j<k<n

1 n m
:—' Z Sgn(gl) .. .Sgn(am) H (H(US(QJ) _ 05(2.7 _ 1 / f H Zas(2_] 1)+0s(27)—2n— 1dZ>

- 0140y 0m ECay Jj=1 s=1 s=1

1 n m - m - -
= S sgn(o1) -sgalom) [[ (H (0:(2)) — 05(2j = 1)) -d(m(2n +1) = Y (04(2j — 1) + 05(23)))>

: 0140y 0m ECay Jj=1 \s=1 s=1

:pf[2m](R(i1, . ,iQm))[Zn]'
(I

We are interested in a direct algebraic proof of Lemma 4.2. Note that, when m = 1, any Toeplitz
hyperdeterminant is a pfaffian:

DYI(f) = pf((j —i)d(2n +1 =i = §))(2n)-
From Theorem 1.1 and Lemma 4.2, we obtain the following.

THEOREM 4.3. Let m,n, L be positive integers. Then we have

m n!{(2m)!}" B . m
QElL/n()2 )= {(2m) }_ ‘pf[2 ] (H(bs —i2s-1) - gfﬁinl)l) i ) ’
[2n]

(an) ! v k1 Uk

em) _nH{CmN o (TT
P(nL) —W . pf[ ] H(ZQS - 7/25—1) . 6L+(2n+1)m7 i:l ik :
[2n]

s=1
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Let A = (A1, ..., A,) be arectangular partition of length < n, i.e, we can writeas A = (L, L, ..., L,0,0,...,0).
If A\, # 0 (i.e,, A\, = L) then Theorem 1.2 is the case m = 1 of Theorem 4.3. To complete the proof of
Theorem 1.2, we prove that, if A,, = 0, it holds
(4.5) pf((J = 1)gy;+2nt1-i—j)1<i<i<zn = (2n — PE((J — )g5;42n-1-ij)1<i<j<2n—2,
where -y, are given by (1.6) and 7; are given by the same way for (A1,...,An—1), Le.,

(’)/1,...,’)/2",2) = (Anfl,...,)\Q,Al,Al,AQ,...,Anfl).

We can check the equation (4.5) immediately if we expand the pfaffian on its left hand side with respect to
the 2n-th column.

5. Summation identities for Schur functions

Finally, we obtain some summation identities for Schur functions involving hyperdeterminants and hy-
perpfaffians.
The Schur function is the Jack function with parameter & = 1. For a partition A of length < n, the

Schur function in n variables sy(x1,...,X,) is given by the quotient
( det(x}" ") 1<ij<n
SA X1y, Xp) = )
AT V(X1,.-rXn)
where V(x1,...,%n) = [ cicjcn(xi — %;).
The Schur functions have the following well-known summation formulas [13, §I-4, Ex. 6], [6]:
(5.1) sx(x)sa(y) = oy - det (7) ;
)\:Z%):<n V(X)V(y) 1- XiY; 1<i,j<n
1 X; — X;
6.2 520 =51 ; )
D R\ (= (= ()
where x = (x1,...,%,) and y = (y1,...,yn). Here we assume n is even in expression (5.2). Note that the

determinant on the right-hand side in (5.1) is called Cauchy’s determinant. We obtain extensions to higher
degree of expressions (5.1) and (5.2).

THEOREM 5.1. Let x(9) = (xgi),xgi), e ,ng)) be the sequence of n variables for each 1 < i < 2m. Then
2m 1 1
€] 2)y... (2m)y — [2m]
(5.3) > aaxW)sa(x@) sy (xPM) = H o) det (1 0 ...x<2m>> .
)\:Z()\)Sn =1 71 19m {n]
Proor. We identify each partition A of length ¢(A) < n with the n-element set {k; := X\; +n—i|i=
1,2,...,n} of non-negative integers. Then we have
2m
HV(X(i)) . Z s)\(x(l))s)\(xﬂ)) . ..SA(X@m))
i=1 AL(A)<n
2m 1 oo 2m n )
= > It ngpuzn=— >0 11 ( Y sgn(o) H(xi’@kp)
co>ki>- >k, >0 i=1 ki, kn=0i=1 \c€G, p=1
n co 2m 2m
1 i m k)\—
:m Z Sgn(01 vt 'O'Qm) H (Z H(Xt(fl)(p))k> = det[2 ! ((1 — H ng)) 1>
D01,y 02m EG, p=1 \k=0i=1 k=1

[n]

REMARK 5.2. Cauchy’s determinant can be given as a product

n

1
det | ——— =V(x)V(y  —
<l_xiya'>1§i,j§n GOV )»-: 1 =xiy;
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But we can not expect such a product expression for the hyperdeterminant
1
[2m]
det <1 MO (2m)> ;
Xiy “Xizm [n]

One may see expression (5.3) as a simple multi-version of (5.1). An odd-product analogue of (5.3) is
given as follows.

O

THEOREM 5.3. Let m be an odd positive number and x() = (xgl),xé), o ,xéﬁi) be the sequence of 2n
variables for each 1 <i < m. Then we have

m oo m (s) p+1 _ (s) p+1
°JTI7 {(x; X
E sx(xM)sy(xP) - sy (x(™) = | | 12» - ptl2m] (Zp_o DECRICONY (xi,) }> )
[2n]

At <2n P 1— Xgi)xg) . (m) X(m)

Z2m 17 2m

PROOF. A similar way in the proof of Theorem 5.1 gives

ﬁv(x(i)). Z sx(xM)sxa(x) -5y (x(™)

A:l(X)<2n

= Z pf(sgn(kp - kq))lﬁp,qﬁ?n H det((X;S))kq)lﬁpquQW

co>k1>>kan >0 s=1
oo
— > det((
= sgn(o Hs n(k H e
(2”)"[},' & ( ) & o(2j-1) ‘7(2]) 1<P,q<2n>
o€€ap k1,..kon=0 j=1

where sgn(z) = :n/|:n| for z # 0 and sgn(0) = 0. Since m is odd, it equals

~(2n) |nv Z Z Hsgn o(2i-1) — Ko(2)) Hdet (Nke@)1 < g<on

€€y, k1,...,k2p,=0j=1 s=1
1 o0
:(Qn)lnv(#%”) Z Hsgn(k2j 1= kaj) Hdet 1) 1<p,g<2n

k1,...;k2n =0 j=1
1 oo
:W E H sgn k2] 1 — k2] H det 1<p,q<2n
' k1,...;kon=07j=1

By expression (4.4), we see that

oo

:n!12" Z H sgn(kaj—1 — k2j)

k1,...,k2,=0j=1

* Z s -+ om) H 1_[{()(57?(2]'*1))kZF1 (Xr(ri)(Zj))ij - (Xt(fss)(ijl))kZJ( f(:) 21))’62"71}
0140y 0m ECay s=1j=1
1
= Z sgn(oy -+ -om)
D01, 0m EC,

- 1 = s s s s
< [1 2 > sen(k—1) H{ 23)23 )" 5,3(2].))’_(xffg(%_l))’(xf,j@j))k}

j=1 k,l1=0

Here a simple calculation gives

Zp o [Ii- 1{( 05(2] 1) ) - (X‘(Tss)@j))pﬂ}
) e (m) <™

o1(2-1) %01 (25) T Fom(2i-1) Ko (2))
Therefore our claim follows. a

[ ] on the last equality =

— X
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Furthermore, using the Jacobi-Trudi formula sy = det(hx;—s+j)i j>1, We can also obtain the following
summation formulas in a similar way to the last theorems.

THEOREM 5.4. Let x(9) = (xgi),xgi), ...) for each i > 1. Then, for each positive integer m, we have

(5.4) Yo aaxM) s = det® ™ Y b, (xX W)y (xP) - B, (xB)

AL(N)<n k>0 [n]

Also, for an odd positive integer m,

) (s) ) (s)
My... (m)y _ . ¢e[2m] Pttt —ing_y (X)) hi—ip,_, (x'))
(5.5) | E sa(xM) -+ sy (x!™)) = pf kEDO | | det < M), )

A:l(N)<2n s=1 [2n]

O

The cases m = 1 in expressions (5.4) and (5.5) are seen in [4] and [17] respectively.
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