TABLEAUX ON PERIODIC SKEW DIAGRAMS AND IRREDUCIBLE
REPRESENTATIONS OF DOUBLE AFFINE HECKE ALGEBRA OF
TYPE A
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ABSTRACT. The irreducible representations of the symmetric group S,, are parameter-
ized by combinatorial objects called Young diagrams, or shapes. A given irreducible
representation has a basis indexed by Young tableaux of that shape. In fact, this basis
consists of weight vectors (simultaneous eigenvectors) for a commutative subalgebra F[X]
of the group algebra FS,,.

The double affine Hecke algebra (DAHA) is a deformation of the group algebra of the
affine symmetric group and it also contains a commutative subalgebra F[X].

Not every irreducible representation of the DAHA has a basis of weight vectors (and
in fact it is quite difficult to parameterize all of its irreducible representations), but if we
restrict our attention to those that do, these irreducible representations are parameterized
by “affine shapes” and have a basis (of X-weight vectors) indexed by the “affine tableaux”
of that shape. In this talk, we will construct these irreducible representations.

Introduction.

We introduce and study an affine analogue of skew Young diagrams and tableaux on them.
The double affine Hecke algebra of type A acts on the space spanned by standard tableaux
on each diagram. We show that the modules obtained this way are irreducible, and they
exhaust all irreducible modules of a certain class over the double affine Hecke algebra. In
particular, the classification of irreducible modules of this class, announced by Cherednik,
is recovered.

As is well-known, Young diagrams consisting of n boxes parameterize isomorphism
classes of finite dimensional irreducible representations of the symmetric group &,, and
moreover the structure of each irreducible representation is described in terms of tableaux
on the corresponding Young diagram; namely, a basis of the representation is labeled by
standard tableaux, on which the action of &, generators is explicitly described. This
combinatorial description due to A. Young has played an essential role in the study of
the representation theory of the symmetric group (or the affine Hecke algebra), and its
generalization for the (degenerate) affine Hecke algebra H,(q) of GL,, has been given in
[Chl, Ral, Ra2|, where skew Young diagrams appear on combinatorial side.

The purpose of this paper is to introduce an “affine analogue” of skew Young diagrams
and tableaux, which give a parameterization and a combinatorial description of a family
of irreducible representations of the double affine Hecke algebra H,, (q) of GL,, over a field
F, where ¢ € F is a parameter of the algebra.

The double affine Hecke algebra was introduced by I. Cherednik [Ch2, Ch3| and has
since been used by him and by several authors to obtain important results about diagonal
coinvariants, Macdonald polynomials, and certain Macdonald identities.

In this paper, we focus on the case where ¢ is not a root of 1, and we consider rep-
resentations of Hn(q) that are X-semisimple; namely, we consider representations which
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have basis of simultaneous eigenvectors with respect to all elements in the commutative
subalgebra F[X] = FlzF!, 25!, ... o' €51 of H,(q). (In [Ral, Ra2], such representations
for affine Hecke algebras are referred to as “calibrated.”)

On combinatorial side, we introduce periodic skew diagrams as skew Young diagrams
consisting of infinitely many boxes satisfying certain periodicity conditions. We define a
tableau on a periodic skew diagram as a bijection from the diagram to Z which satisfies
the condition reflecting the periodicity of the diagram.

Periodic skew diagrams are natural generalization of skew Young diagrams and have
appeared in [Ch4] (or implicitly in [AST]), but the notion of tableaux on them seems new.

To connect the combinatorics with the representation theory of the double affine Hecke
algebra H,, (q), we construct, for each periodic skew diagram, an Hn(q)—module that has
a basis of F[X]-weight vectors labeled by standard tableaux on the diagram by giving the
explicit action of the H,(q) generators.

Such modules are X-semisimple by definition. We show that they are irreducible, and
that our construction gives a one-to-one correspondence between the set of periodic skew
diagrams and the set of isomorphism classes of irreducible representations of the double
affine Hecke algebra that are X-semisimple.

The classification results here recover those of Cherednik’s in [Ch4] (see also [Ch5]),
but in this paper we provide a detailed proof based on purely combinatorial arguments
concerning standard tableaux on periodic skew diagrams.

Note that the corresponding results for the degenerate double affine Hecke algebra of
G L, easily follow from a parallel argument.

1. THE AFFINE ROOT SYSTEM AND WEYL GROUP

1.1. The affine root system. Let n € Z>o. Let b be an (n+2)-dimensional vector space

over Q with the basis {€},€3,...,¢, ¢, d}:

h= (®71Q¢) ® Qe Qd.

Introduce the non-degenerate symmetric bilinear form ( | ) on b by
(€'lef) = dij. (e]lc) = (&|d) =0, (cld) =1, (c|e) = (d|d) = 0.

Put h = @7, Qe and h = h @ Qe. Let b* = (37 ,Qe;) ® Qc* @ QJ be the dual space of b,
where ¢€;, ¢* and § are the dual vectors of €Y, ¢ and d respectively. We identify the dual
space h* of b as a subspace of h* via the identification h* = 6*/@5 = bh* d Qc*.

The natural pairing is denoted by (|) : b* x h — Q. There exists an isomorphism
b* — b such that € — €/, § — c and ¢* — d. We denote by ¢V € b the image of ¢ € h*
under this isomorphism. Introduce the bilinear form (|) on b* through this isomorphism.
Note that

Clm=(In")y=("1n"), (&neh).
Putozij:e,'—ej (1§Z%j§n) andai:aiiﬂ (1§i§n—1). Then

R = {OZ” ‘ Za] € [17n]> Z#]}a R+ = {aZ] |Za] € [Ln]v Z<]}7 IT= {a17a27"'7an71}

give the system of roots, positive roots and simple roots of type A, _1 respectively.
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Put ap = —ann + 0, and define the set R of (real) roots, R™T of positive roots and II of
simple roots of type Agll by

R={a+ké|aeR, kel},
Rt ={a+ki|acR" k€l U{-a+ki|acR kelx},
H:{ao,al,...,an_l}.

1.2. Affine Weyl group.

Definition 1.1. For n € Z>o, the extended affine Weyl group W, of gl,, is the group
defined by the following generators and relations:

generators : 80,815+ Sn—1, L,

relations forn >3 :s? =1 (i € [0,n — 1]),
5185 8; = s;8;8; (1 — j = £1 mod n),
5i8; = 8j8; (i — j # £1 mod n),
w8 = Sip1m, (1 € [0,n—2]), 7Sp—1 = S0,

ar t=g"lg=1.

relations for n =2 : 3(2) = s% =1,

mTSg = S17,  TS] = SQT, arl=r"lr =1

The subgroup W, of W, generated by the elements s1, 53, ..., sp—1 is called the Weyl
group of gl,. The group W, is isomorphic to the symmetric group of degree n.

In the following, we fix n € Z>2 and denote W = W and W =W,,.

Put

P = @Zn:lZEi.

Put 7., = 7Sy_1---8281 and 7, = 7 11, 7w~ (i € [2,n]). Then there exists a group
embedding P — W such that €; — Te;- By T, we denote the element in W corresponding
ton € P. It is well-known that the group W is isomorphic to the semidirect product
P x W with the relation anw_l = Tw(n)-

The group W acts on 6 by

si(h) = h — (ag|hyay forie[l,n—1], hebh,
7, (h) = h+ (8|h)e) — <<ez|h> + ;(5%)) ¢ forie[l,n], heb.

The dual action on h* is given by

Q) = ¢ — (@il)as fori e Ln—1], ¢ € b,
r(O) = ¢ + (610)€i — (<ei|c> n <6|<>) 5 forie L), hep

With respect to these actions, the inner products on h and b* are W-invariant. Note
that the set R of roots is preserved by the dual action of W on h*. For a € R, there
exists i € [0,n — 1] and w € W such that w(a;) = a. We set 5, = ws;w'. Then s, is
independent of the choice of ¢ and w, and we have

sa(h) =h —{a| h)a"
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for h € h. The element s, is called the reflection corresponding to a.. Note that Sq; = Si-
For w e W, set

Rw)=R"nw 'R,
where R~ = R\ R* . The length {(w) of w € W is defined as the number #R(w) of elements

in R(w). For w € W, an expression w = 7¥s;, 55, - ;
m = [(w). It can be seen that

is called a reduced expression if

m

(1.1) R(w) = {Sjm o 'SjQ(O‘jl)v Sjm " Sjs(a]é)? K ajm}

if w=1%sj, s;, s, is a reduced expression.
Define the Bruhat order < in W by

x 2w < x is equal to a subexpression of a reduced expression of w.
Let I be a subset of [0,n — 1]. Put
My ={a; |i €I} CH, Wr=(s;|ic)CW, Rf={a€R"|s,€Wr}
The subgroup W is called the parabolic subgroup corresponding to I1;. Define

Wl ={weW | Rw)nkf =0}

1.3. Notation. For any integer i, we introduce the following notation:

(1.2) =€ —kéeh*, € =¢ —kceh,

i i

where i =i+ kn with i € [1,n] and k € Z.
Put a;; = ¢;—¢; and oy = ¢} —¢ for any 4, j € Z. Noting that ep—e1 = d+¢,—€1 = ao,

we reset a; = €; — €41 and o) = ¢ — ¢/, for any i € Z.

Define the action of W on the set Z of integers by
si(j)=j+1 for j =i modn, si(4j) =17 for j Z 14,7+ 1 modn,
si(j)=j—1 forj=i+1modn, w(j)=j+1 forallj.
It is easy to see that the action of 7, (i € [1,n]) is given by
Te;(j) =7 +n for j =i modn, 7e;(j) =7 for j #i modn,
and that the following formula holds for any w € W:
w(j+mn)=w(j)+n forallj.
Lemma 1.2. Let w € W.

(i) w(es) = €w(y) and w(ef) =€

) ) for any j € Z.

Y

v
w
0= (i) fOT any i,j € Z.

(ii) w(aij) = awyw() and w(a

2. PERIODIC SKEW DIAGRAMS AND TABLEAUX ON THEM

Throughout this paper, we let F denote a field whose characteristic is not equal to 2.
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2.1. Periodic skew diagrams. For m € Z>1 and ¢ € Z>¢, put

(2.1) me—{MGZ | 1 > pg > -

where p; denotes the i-th component of p, i.e.,
introduce the following subsets of Z" x Z™:

Aﬁ,e = {O\vﬂ) € 73:1,5 x P,

~

= {()\ ,u)€73+£><73

For (A, u) € jﬁ’g, define the subsets A/u and m(m7_€) of Z? by

Mp={(a,b) €Z?|a€[1,m], b€ [ua+1,A]},
Mty = {(a+km,b—ke) € Z* | (a,b) € \p, k €L}

S+
m,f

Let A/ulk] = X\/p + k(m, —¢). Obviously we have

Mty = || Mulk] =

kEZ

The set A/p is the skew diagram (or skew Young diagram) associated with (A, u).
We call the set )\/,u(m _p) the periodic skew diagram associated with (A, ).

We will denote A / I,

L 0\t Rm, 1)

kEZ

> pim and £ > py —

po=(p1,p2, ..

A >MZ (ZE []‘ m])a

>\i > i (Z € [Lm])a

—0) just by A / 1 when m and £ are fixed.

Example 2.1. Letn =7, m=2and{ = 3. Put A =

and we have

)‘//‘ = {(17 2)7 (1’ 3)’ (174)7 (1

,5),(2,1),(2,2),(2,3)}-

o

I

(AN — i) =n

(573)7 w=

. Fix n € Z>3 and

(1,0). Then (A, u) € T,

The set A\/p is expressed by the following picture (usually, the coordinate in the boxes are

omitted):

1,2

1,3

1,4

1,5

2,1

2,2

2,3

The periodic skew diagram

/\//7i(2,73) = |_| A/ ulk] =

keZ

is expressed by the following picture:

keZ

L] M+ k(2,—3))
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b Aull]

1,2
a } A/ul0] = \u

A ul=1]

2.2. Tableaux on periodic skew diagram. Fix n € Z>9. Recall that a bijection from
a skew Young diagram A/pu of degree n to the set [1,n] is called a tableau on A/p.

Definition 2.2. Given (A, u) € jn’}h[, v = (m, =), a bijection T : X/\M — Z is said to be
a y-tableau on A/p if T satisfies
(2.2) Tu+v)=T(u)+n foralue m
Let
Tab(/4) = Tab(y, ) (A/1)
denote the set of all y-tableaux on )T/?L

Remark 2.3. A tableau on X/\u is determined uniquely from the values on a fundamental
domain of A\/u with respect to the action of Z~v. It also holds that any bijection from a
fundamental domain of Z~v to the set [1, 7] uniquely extends to a tableau on A/p.

There exists a unique tableau TO)‘ - Th on )\//71 such that

i—1

k=1

We call Tjy the row reading tableau on m

Example 2.4. Let n =7, m =2,/ =3 and A = (5,3), u = (1,0). The tableau Tj on
A/p given above is expressed as follows:
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210
11234
506 |7 }A/“
8 |9 |10]11

12 1 13 | 14

Proposition 2.5. Let (A, pu) € jn’;e. The group W acts on the set Tab(A//TL) by
(2.4) (wT')(u) = w(T'(u))
forweW, T ¢ Tab(m) and u € )T/\,u
For each T' € Tab(m), define the map 7 : W — Tab(m) by Yr(w) = wT (w € W).

Proposition 2.6. Let (A, pu) € jn’;g. For any T € Tab()\//p), the correspondence Y is a
bijection.

Lemma 2.7. T~ w™(i)) = (wT)~(i) for any T € Tab(m), weW andi € 7.

2.3. Content and weight. Let C denote the map from Z? to Z given by C(a,b) = b—a
for (a,b) € Z2.

For a tableau T' € Tab()\//p), define the map C%/” :Z — Z by
Nk - 1, .
Cy"(i) = O (@) (i €),
and call C%/ " the content of T. We simply denote CF}/ ¥ by Cr when (), p) is fixed.

Lemma 2.8. Let T € Tab()T/\u). Then
(i) Cr(i+n)=Cr(i) — (L+m) for allic Z.
(ii) Cpr(i) = Cp(w=1(3)) for allw € W and i € Z.

For T € Tab(/\//p)7 we define (7 € §* by

¢r=>Y_Cr(ie+ (£+m)c.
=1

Then (7 belongs to the lattice P Y poge = (B Ze;) ® Zc*. Note that the action of
W on h* preserves P. Lemma 2.8 immediately implies the following:

343



344

T.SUZUKI, M. VARIZANI

Lemma 2.9. Let T € Tab(m). Then
(i) (¢r | €) = Crp(i) for alli € Z.
(ii) w(Cr) = Cor for all w e W.

2.4. The affine Weyl group and row increasing tableaux. Let (\, u) € jﬁe.

Definition 2.10. A tableau T € Tab(m) is said to be row increasing (resp. column
increasing) if

(a,b),(a,b+1) € X/ = T(a,b) < T(a,b+1).
(resp. (a,b),(a+1,b) € m = T(a,b) <T(a+1,b).)

A tableau T € Tab()\//p) which is row increasing and column increasing is called a standard
tableau (or a row-column increasing tableau).

Denote by TabR(m) (resp. TabRC(m)) the set of all row increasing (resp. standard)
tableaux on \/pu.

For (A, u) € j;fbv(, put
I, = [L,n—1]\ {n1,n2,...,nm-1},
where n; = Z;ZI(A]- — ) fori € [1,m —1].
We write R;f_u = R;FM, Wi, = WIA,;L and WA = Wik,
Note that RY_, C R* and Wx_, = W, —py X Wi,y X - X Wi, C W,

Recall that the correspondence ¢y : W — Tab(m) given by w — w7 is bijective
(Proposition 2.6) for any T € Tab(A/pu).

Proposition 2.11. Let (A, u) € j&[. Then
Ui (TabR (3 ) = WA+,
or equivalently, TabR(/\//;) = WA HTy={wTy | w € WA H}.
2.5. The set of standard tableaux. The next lemma follows easily:

Lemma 2.12. Let (\, i) € jn’;j and T € TabRC(m). If (a,b) € m and (a+1,b+1) €
N p, then T(a+1,b+1) — T(a,b) > 1.

Proposition 2.13. Let (A, ) € 77, and T, S € Tab®(\/p). If Cr = Cs then T = 5.
For T € TabRC(m), put
(2.5) Zm — {weW|(cr] %) g (1,1} for all a € R(w)}
Theorem 2.14. Let (A, pu) € ‘ZZ,IZ and T € TabRC()T/TL). Then
U (Tab"C () = 237"

or equivalently, TabRC(m) = Z%/“T.
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For m € Z>1, define an automorphism w,, of Z" by
(2.6) W A=A +L+ 1L, +L +1, ..., A1 + 1),

for A = (A1, A2, ..., Am) € Z™. Let (wy,) denote the free group generated by wy,, and let
(W) act on Z™ X Z™ by wp - (A, p) = (wm - Aywp, - p) for (A, pu) € Z™ x Z™. Note that
(wm) preserves the subsets ‘7:175 and j:& of Z™ x 7Z™.

Proposition 2.15. Let m,m’ € [1,n] and ,0' € Z>o. Let (\, pu) € j:fe and (n,v) €
Toter
(a) Cr}//; = C;T/\V for some T € TabRC(m) and S € TabRC(77//7/),
(by m=m/, £ =1 and mzn//;—l— (r,r) for some r € Z.
(c)m=m/, £ =10 and (n,v) =w], - (\, 1) for some r € Z.

The following are equivalent:

3. REPRESENTATIONS OF THE DOUBLE AFFINE HECKE ALGEBRA

Let F denote a field whose characteristic is not equal to 2.

3.1. Double affine Hecke algebra of type A. Let ¢ € F.
The double affine Hecke algebra was introduced by Cherednik [Ch2, Ch3].

Definition 3.1. Let n € Z>».

(i) The double affine Hecke algebra H,(q) of GL, is the unital associative algebra over F
defined by the following generators and relations:

generators : to,t1,- - - ,tn_l,wil,afl, xQﬂ, . ,xfl,fﬂ.
relations forn >3 : (t; —q)(t;i+1) =0 (i € [0,n — 1]),
titit; = tjtit; (j =i+ 1modn), tit; =t;t; (j #i+1modn),
ar l=n"lnr = 1,
mtin =t (i €[0,n —2]), Tt = tg,
vyt =7 ey =1 (i € [L,n]), @z =az7 (3,5 € [1,n]),
tizit; = qrizq (1 € [L,n —1]), toxnto = g
tix; = xt; (j 4,1+ 1 mod n),
it =z (tel,n—1]), e =& ey,
gl=¢le=1, M h=net (he Halq)).
relations forn=2: (t; —q)(t; +1) =0 (i € [0,1]),
1 1

mn o =7m wm=1, 7rt07r_1 =t1, 7Tt17r_1 = 1o,

-1 1 .

vix; =z, x;=1(€[1,2]), mxz =001,
-1

tizity = qra,  toxato =& qu1

7['.%171'71 = I9, 7T:1327T71 = filxl,

¢t =t =1, €h=nt (h e Ha(q)).
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(ii) Define the affine Hecke algebra H,(q) of GL, as the subalgebra of H,(q) generated
by {t()ytlv vy lnot, Wil}'

Remark 3.2. It is known that the subalgebra of Hn(q) generated by

{t1,ta,... ,tn_1,331i1,:c2ﬂ, . ,xffl
is also isomorphic to Hy(q).
For v =37 vie; + vec* € P, put
¥ = aftag? el Ere.

Let X denote the commutative group {z* | v € P} C H,(q). The group algebra

FX] = Flzf! 25!, ... 2! €71 is a commutative subalgebra of H,(q).

For w € W with a reduced expression w = 7"s;, 84, - - - 8;,., put
T
tw =T tiltig s 'tik'

Then t,, does not depend on the choice of the reduced expression, and {t.},, oy forms a

basis of the affine Hecke algebra H,(¢q) C Hy,(q).
It is easy to see that {t,x"}, iy ,cp and {tw}, iy ,cp Tespectively form bases of

H,(q).
Let X* denote the set of characters of X:

X" = Hom group(X, GL1(FF)).

Consider the correspondence P — X* which maps (€ P to the character ¢¢ € X* defined
by

¢“(zi) = ¢l (i e [1,n]), ¢C(&) = ¢!,
or equivalently, defined by ¢¢(2*) = ¢S (v € P) Through this correspondence, P is
identified with the subset

{x € X* | x(z") € ¢" (Vv € P)}

of X*, where ¢* = {q" | r € Z}.
For an H,(q)-module M and ¢ € P, define the weight space M and the generalized
weight space M gen of weight ¢ with respect to the action of F[X] by

MC:{’UEM‘ (2" — <" N =0 for anyyep},
M?en = U {v € M‘ (2 — ¢*<")Yey = 0 for any v € P}
k>1

For an ﬁn(q)—module M, an element ¢ € P is called a weight of M if M: # 0, and an
element v € M¢ (resp. M, Cgen) is called a weight vector (resp. generalized weight vector) of
weight ¢.

For ¢ € P, put

(3.1) Ze={weW | ({|aY) ¢ {-1,1} for all « € R(w)}.

Note that Z, = Z'r}/“ for (\, p) € :7;278 and T € TabRC()\//TL).
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3.2. X-semisimple modules. Fix n € Z>3. Let ¢ € F and suppose that ¢ is not a root
of 1.
Fix K € Z and put P, = P+ rc* ={C € P | ((|¢) =K}

Definition 3.3. Define O%*(H,,(q)) as the set consisting of those H,,(¢)-modules M which
are finitely generated and admit a decomposition

M= M,
CePx
with dim My < oo for all ¢ € P.
A module in O (H,(q)) is also called X-semisimple. We remark that the structure of

all irreducible X-semisimple modules, without requiring the eigenvalues of the zj to live
in {¢" | ¢ € Z}, is easily obtained once we understand the modules in O*(H,(q)).

3.3. Representations associated with periodic skew diagrams. In the rest of this
paper, we always assume that ¢ is not a root of 1.
Let n € ZZQ, m € 221 and /¢ € ZZO'

For (\, pu) € jgg, set

(3.2) V(O p) = @ Fop.

TeTabRC (m)

Define linear operators Z; (i € [1,n]), 7 and #; (i € [0,n — 1]) on V(A u) by

(3.3) Zop = ¢“TDup,
(34) 7’\T’_’UT = UrT,
_glt+T; _ . -
(3.5) - ll_qﬁvsﬁ - f_—qqfivT if 5,7 € Tab®°(\/p),
. U = —
' — Loy if s;T ¢ Tab®°(\/p),
where

T, = CT(Z) — CT(Z + 1) = <<T ‘ 04;/> (Z S [0,77, — 1])
The following lemma is easy and ensures that the operator ¢; is well-defined:
Lemma 3.4. Cp(i) — Cp(i +1) # 0 for any i € [0,n — 1] and T € TabRC(\/p).

Theorem 3.5. Let (\, ) € jﬂ(ﬁ o There exists an algebra homomorphism 0y ,, : Hy,(q) —

Endp(V (A, 1)) such that
Oxpu(ti) = ti (i € [0,n — 1)), Oxu(m) =7,
Onpu(zi) =T (i € [Lin]),  Oau(€) =g

Theorem 3.6. Let (A, pu) € jgg.

() VO 1) = B pepuprein VO 1w, » and V(X )¢, =Fur for all T € Tab®°(\/p).
(ii) The H,(q)-module V (\, j1) is irreducible.
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3.4. Classification of X-semisimple modules. Fix n € Z>2 and k € Z>;. Let ¢ € F
and suppose that ¢ is not a root of 1.

Theorem 3.7. Let n € Z>2 and k € Z>1. Let L be an irreducible Hn(q)—module which
belongs to O%(H,(q)). Then there exist m € [1,k] and (\,p) € T, such that L =

m,k—m

V(A p).

Theorem 3.8. Let m,m’' € Z>1 and (,0' € Z>o. Let (\, p) € jﬁ;fe and (n,v) € j;l’?g,.
Then the following are equivalent:

(a) V(A1) =V (n,v).
(by m=m/, £ =0 and \/u=n/v+ (r,r) for some r € Z.
(¢c)m=m/, £ =10 and (n,v) =w!, - (\,p) for somer € Z.

Remark 3.9. Combining Theorem 3.7 and Theorem 3.8, the classification we obtain agrees
with that announced in [Ch4], where he also considers general ¢ and €.

An alternative approach to prove these results is to use the result in [Va, Sul, where
the classification of irreducible modules over H,(q) of a more general class is obtained.
Actually, it is easy to see that the H,,(q)-module V' (X, 1) coincides with the unique simple
quotient L(\, i) of the induced module M (X, ) with the notation in [Su].
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