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ABSTRACT. It was recently shown that just five characters (func-
tions on a finite set X) suffice to convexly define a trivalent tree
with leaf set X. Here we show that four characters suffice which,
since three characters are not enough in general, is the best possi-
ble.

Il a été récemment montré que seulement cing caractéres (des
fonctions sur un ensemble fini X) suffisent pour définir de maniere
convexe un arbre binair avec X comme ensemble de feuilles. Dans
cet article nous montrerons que la meilleure solution possible est
quatre caractéres (étant donné que trois caractéres, en general, ne
sont pas suffisant).
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1. INTRODUCTION

The field of phylogenetics compares observable characteristics of (bi-
ological) species in order to reconstruct and analyse their evolutionary
history. Generally this history is represented by a tree, with leaves
labelled by the species. If each of the comparisons between the species
involves just two possible character states (for example, ‘wings’ vs.
‘no-wings’) and each state has evolved only once then there is a direct
equivalence between such data and leaf-labelled trees. This equivalence
was described by Peter Buneman in his classic paper [4] from (1971).
More recently there has been considerable interest, both from com-
puter scientists and mathematicians, in extending these results to data
in which there may be many character states - so called ‘multi-state
characters’ [1, 7, 8, 9]. Recent whole genome data has given rise to
extensive data sets of multi-state characters, often with a large num-
ber of states (such as those obtained by comparing gene order between
species).

This leads to the natural question of how many multi-state charac-
ters are required to completely determine an underlying evolutionary
tree, under the assumption that each state has evolved just once. In



a surprising result, the authors of [9] recently showed that just five
such characters suffice, regardless of the number of species (we describe
this result more precisely in Section 4). Their result applied a graph-
theoretic argument involving chordal graphs to a specific edge-coloring
of trees based on the cyclic group of order 5. However the tantalising
question of whether this five character result could be improved to four
characters was left as a posed problem [9, Problem 6.2], as the methods
used in that paper did not seem to readily apply.

In this note we employ a different approach, and show that four
characters are indeed sufficient, a result that is optimal since three
characters do not, in general, suffice to determine a tree [9]. In partic-
ular, we describe an edge-coloring of a tree using four colors based on
the Klein 4-group Zs X Zs, which induces characters in the same way
as the edge coloration using five colors in [9]. To establish that the
induced characters can be used to completely reconstruct the tree, we
consider a set of small subtrees (each with four leaves) that are gener-
ated by the edge-coloring, and show that these subtrees determine the
tree. This then allows us to establish that the characters induced by
the edge-coloring determine the underlying tree.

The structure of this note is as follows. In Section 2, we introduce
some terminology for characters and trees. Next, in Section 3 we de-
scribe an edge-coloring of a tree which will be used to produce a set of
at most four characters which determine that tree. Finally, in Section 4,
we state our main result that four characters suffice to completely re-
construct a tree (Theorem 1) and give a sketch of its proof.

2. CHARACTERS AND (QUARTET TREES

Throughout the note, X denotes a non-empty finite set and n = |X|.
A phylogenetic tree (on X ) is a tree T that has X as its set of labelled
leaves and interior vertices that are unlabelled and of degree at least
three. If each interior vertex has degree exactly three, we say that 7T is
trivalent. 'Two phylogenetic trees for X are isomorphic if the identity
map on X induces a graph isomorphism on the underlying tree.

A (qualitative or discrete) character on X is a function y from X
into a set C' of character states. Suppose that 7 is a phylogenetic tree
on X, and let x : X — C be a character on X. For each state a in
X(X), let T, denote the smallest subtree of T containing the leaves
that are assigned state a by x. We say that yx is convex on T if the
subtrees in {7, | a € x(X)} are pairwise disjoint (see Figure 1). A
collection of characters C on X is compatible if there is a phylogenetic
tree 7 such that each character in C is convex on 7. If, in addition,
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Figure 1. For X = {a,b,c,d,e, f,g} and C =
{a, 8,7} the character x : X — C with x '(a) =
{a,b,e}, x~1(8) = {c,d} and x~*(7) = {f, g} is convex
on the phylogenetic tree depicted in the figure.

T is the only phylogenetic tree on X with this property, we say that
C convexly defines T. The biological relevance of these concepts is
explained further in [9] and [10].

We call a trivalent phylogenetic tree on a 4-set a quartet tree. If T is
a quartet tree on the set {1, j, k, [} and removal of the interior edge e of
T results in the sets {4, j} and {k,} labelling the different components
of T\{e}, then we denote 7 by ij|kl. Now, given a phylogenetic tree
7T on X and a subset Y of X, let 7|Y denote the minimal subtree of T
that connects the leaves in Y, in which any resulting degree 2 vertices
are suppressed. In particular, 7|Y is a trivalent phylogenetic tree on Y
and we say that 7 displays T|Y. Given a collection Q of quartet trees,
we say that a phylogenetic tree T displays Q precisely if T displays
each quartet tree in Q. For a trivalent phylogenetic tree 7 on X, let
Q(T) ={T|Y : Y C X, |Y| = 4}, be the set of all (}) quartet trees
displayed by T.

We conclude this section by relating characters and quartet trees.
Given a character y : X — C on X, we denote by 7(x) the partition
{x'(a) : a € C} of X. Suppose that T is a phylogenetic tree on X
and that C is a set of characters on X. We say that T displays C if
each character in C is convex on 7. Note that, 7 displays C precisely
if for each x € C there exists some set £ of edges of 7 such that, for
all distinct A, B € 7(x), A and B are subsets of different components
of T\E. In addition, for any collection C of characters on X, let

Q(C) = {ij|kl: there exists some x € C and some
A, B € 7(x) such that i,j € A and k,l € B}.



3. HANDY EDGE-COLORINGS

Suppose that 7T is a trivalent phylogenetic tree on X. An edge-
coloring of T is an assignment of colors to the edges of 7 so that
two adjacent edges are assigned different colors. We now describe a
method for edge-coloring a trivalent phylogenetic tree 7 on X with
four colors R, R/, L,L" that will be used later to define a set of at
most four characters that convexly define 7. This edge-coloring can
be viewed as being based on the Klein 4-group Zs X Zy (somewhat
analogous to the edge-coloring in [9] based on Zs) though it is more
convenient to picture it in the way that we now describe.

Choose any leaf r of 7 and regard 7 as a rooted tree with r as its
root. Color the edge containing » by R. Given any vertex v of T with
degree 3 that is at the end of an even (respectively odd) length path
starting at r and ending at v, arbitrarily color the two edges incident
with v and not contained in this path by L and R (respectively L' and
R'). This gives an edge-coloring of 7 by the colors R, R', L, L' and we
call any edge-coloring produced in this way a handy edge-coloring of
7. In Figure 2 we picture the tree in Figure 1 together with a handy
edge-coloring.

FIGURE 2. A tree with a handy edge-coloring.

Now, given a handy edge-coloring of 7, we describe how to associate
a quartet tree in Q(7) to each interior edge of 7 (see Figure 3). Assume
e = uv is an interior edge of 7, where u,v are vertices of 7 and u is
the vertex in e closest to r. Suppose that e is colored by R (we will
consider the cases where e is colored by L, R' or L' below). Then the
last edge of the path from r to u is colored either by (i) R’ or (ii) L'. In



Case (i), we associate the quartet tree ab|cd to edge e as follows: a is
the last vertex of the path starting at v that has first edge colored R’
and all subsequent edges colored alternately by L and L'; b is the last
vertex of the path that starts at v and has edges colored alternately by
L' and L; c is the last vertex of the path that starts at v and has edges
colored alternately by L and L'; d is the last vertex of the path that
starts at u, has first edge colored R' and all subsequent edges colored
alternately by L’ and L. In Case (ii) a, b, ¢ are all obtained in the same
way and d is the last vertex of the path that starts at u, has first two
edges colored L' and R', respectively, and all subsequent edges colored
alternately by L and L'.

In case the edge e = uw is labeled by R', the quartet tree ablcd is
obtained in a similar way, by following the four distinct paths whose
first vertices are either u or v and whose last edges are alternately
colored using only the colors L and L'. In case the edge e = uv is labeled
by either L or L' a similar procedure is followed in which colors L and
R and L' and R’ are interchanged so that, in particular, the quartet
tree ab|cd is obtained by following the four distinct paths whose first
vertices are either u or v and whose last edges are alternately colored
using only the colors R and R'.

We denote the collection of n — 3 quartet trees obtained in this way
by Qo(7). Note that in all cases the paths used to define the quartets
are colored by at most three colors.

FIGURE 3. The figure depicts the two cases for associ-
ating a quartet tree ab|cd to an interior edge e of T, here
in bold, that is labelled by R.



4. HANDY EDGE-COLORINGS CONVEXLY DEFINE TREES

Suppose that we are given a handy edge-coloring of a trivalent phylo-
genetic tree T on X. To each color F' € {L, L', R, R'} that is assigned
to at least one edge of 7, we associate a character on X in the fol-
lowing way. Denote by ~p the equivalence relation on X defined by
x ~py (zr,y € X) if the path in 7 from z to y does not contain an
edge that is assigned color F'. Let mr denote the partition of X that
arises from the equivalence classes of ~r and let xr denote a character
on X for which 7n(xr) = mr. We denote by C(T) the set of (at most)
4 characters induced by this edge-coloring.

The main result from [9] states that, for any trivalent phylogenetic
tree 7 on X, there exists a set C of at most five characters on X,
such that 7 is the only phylogenetic tree on X that displays C. The
following theorem shows that, by taking C = C(7) we can improve the
result by replacing ‘five’ by ‘four’.

Theorem 1. Suppose that T is a trivalent phylogenetic tree on X.
Then the (at most) four characters in C(T) convexly define T .

We conclude this note by providing a sketch proof for this theorem.
We require a new concept. For Q a set of quartet trees, let scly(Q) be
the semi-dyadic closure of Q (cf. [3, 5, 6, 11]) that is, the minimal set
of quartet trees that contains @ and for which we have:

abled, aclde € scly(Q) = ablce, ab|de, be|de € scly(Q).
The semi-dyadic closure gives us the following key link between char-
acters and quartet-trees.

Lemma 1. Let C be a collection of characters on X, and suppose that
T 1is a trivalent phylogenetic tree that displays C. If there exists some
Q1 C Q(C) with scly(Q1) = Q(T), then C convexly defines T.

We now state our main technical tool.

Theorem 2. Suppose that T s a trivalent phylogenetic tree on X with
a handy edge-coloring. Then

scla(Qo(T)) = Q(T)-
Now, note that each character in C(7) is convex on 7 and also
Q(T) € QC(T))

Thus, since scla(Qo (7)) = Q(T), it follows immediately from Lemma 1
that C(T) convexly defines T.
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