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Abstract. Finite-dimensional affine crystals are not yet very well understood. Virtual crystals yield
a presentation of crystals of nonsimply-laced type in termsof crystals of simply-laced type. Hence
it is important to understand the crystal structure of simply-laced types. The combinatorial structure
of crystals of simply-laced type� ��	
 is known. In this note we describe the combinatorial structure
of crystals of type� ��	
 . We also give a bijection between crystal paths and rigged configurations for
the antisymmetric tensor and spinor representation of type� ��	
 . This bijection reflects two different
methods to solve lattice models in statistical mechanics: the corner-transfer-matrix method and the
Bethe Ansatz.
Résuḿe. Les cristaux affines de dimension finie ne sont pas encore très bien compris. Les cristaux
virtuels permettent une présentation de cristaux non simplement entrelacés, en termes de cristaux
simplement entrelacés. D’où l’importance de comprendrela structure de ces derniers. La structure
combinatoire de cristaux simplement entrelacés� ��	
 est connue. Cet article décrit la structure combi-
natoire de cristaux de type� ��	
 . Nous produisons aussi une bijection entre les chemins cristallins et
les configurations ‘gréées’, pour un produit tensoriel antisymmetrique et une représentation spineur
de type� ��	
 . Cette bijection reflète l’existence de deux méthodes pour trouver la solution de modèles
sur réseau en mécanique statistique: la méthode ‘corner-transfer-matrix’ et l’Ansatz de Bethe.

1. INTRODUCTION

The quantized universal enveloping algebra�
 �� � associated with a symmetrizable
Kac–Moody Lie algebra� was introduced independently by Drinfeld [1] and Jimbo [4]
in their study of two dimensional solvable lattice models instatistical mechanics. The pa-
rameter� corresponds to the temperature of the underlying model. Kashiwara [6] showed
that at zero temperature or� � � the representations of�
 �� � have bases, which he coined
crystal bases, with a beautiful combinatorial structure and favorable properties such as
uniqueness and stability under tensor products.

The underlying algebras of affine crystals are affine Kac–Moody algebras�. There are
two affine crystal categories: (i) crystal bases of infinite dimensional integrable�
 �� �-
modules and (ii) crystal bases of finite dimensional� �
 �� �-modules, where� �
 �� � is a sub-
algebra of�
 �� � without the degree operator. The first category is well-understood. For
instance, it is known [7] that an irreducible integrable�
 �� �-module has a unique crystal
basis. On the other hand, the latter are still far from well-understood. For example, it is
not even known which finite dimensional� �
 �� �-modules have a crystal basis.

Recently, the existence of a family of finite dimensional� �
 �� �-modules�� ���� � with
crystal bases�� ��� � (� � � � �  ! " �), where� # � is the number of vertices in
the Dynkin diagram of�, were conjectured [3, 2]. The existence of such crystals allows
the definition of one dimensional configuration sums, which play an important role in
the study of phase transitions of two dimensional exactly solvable lattice models. For�
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of type $ %&'( , the existence of the crystal) *+, was settled in [9], and the one dimensional
configuration sums contain the Kostka polynomials, which arise in the theory of symmetric
functions, combinatorics, the study of subgroups of finite abelian groups, and Kazhdan–
Lusztig theory. In certain limits they are branching functions of integrable highest weight
modules.

In [16, 18] virtual crystals were introduced. Virtual crystals are a realization of crystals
of type - as crystals of type. , based on well-known natural embeddings- /0 . of
affine algebras [5]: 1 %&'( 2 $ %3'3( 2 $ %3'43( 2 5 %3'(6 & /0 $ %&'3( 7&$ %3'3( 7& 2 ) %&'( /0 5 %&'(6 &8 %3'9 2 : %&'; /0 8 %&'95 %<'; 2 = %&'3 /0 5 %&'; >
Note that under these embeddings every affine Kac–Moody algebra is embedded into one
of simply-laced type$ %&'( , 5 %&'( or

8 %&'9 . Hence, by the virtual crystal method the combi-
natorial structure of any finite-dimensional affine crystalcan be expressed in terms of the
combinatorial crystal structure of the simply-laced types. Whereas the affine crystals) *+,
of type $ %&'( are already well-understood [19], this is not the case for) *+, of types5 %&'(
and

8 %&'9 .

In this note we discuss the affine crystals) ? +& for type 5 %&'( and the corresponding
rigged configurations. The crystal structure of) ? +& of type 5 %&'( is given by Koga [11].
However, here we need a different combinatorial description of these crystals compatible
with rigged configurations. Rigged configurations first arose in the Bethe Ansatz studies
of exactly solvable lattice models. They yield fermionic formulas for the one-dimensional
configuration sums of the underlying lattice model. The termfermionic formula was
coined by the Stony Brook group [12, 13], who interpreted fermionic-type formulas for
characters and branching functions of conformal field theory models as partition functions
of quasiparticle systems with “fractional” statistics obeying Pauli’s exclusion principle.

We present a bijection between crystal paths and rigged configurations of type5 %&'(
generalizing the bijection of type$ %&'( [14, 15] and the bijections for crystals) &+& for
any nonexceptional type [17]. This bijection reflects two different methods to solve lattice
models in statistical mechanics: the corner-transfer-matrix method and the Bethe Ansatz.

2. CRYSTAL BASES

2.1. Axiomatic definition of crystals. Let @ be a symmetrizable Kac-Moody algebra,A
the weight lattice,B the index set for the vertices of the Dynkin diagram of@, CD E F A G H FB I the simple roots, andCJE F A K G H F B I the simple coroots. LetLM N@ O be the quantized
universal enveloping algebra of@ [8]. A LM N@ O-crystal is a nonempty set) equipped with
mapsPQ R ) 0 A andSE 2 TE R ) 0 ) U CV I for all H F B , satisfyingTE NWO X WY Z SE NWY O X W if W 2 WY F )(2.1) PQ NTE NWOO X PQ NWO [ DE if TE NWO F )(2.2) \JE 2 PQ NWO] X ^E NWO [ _E NWO >(2.3)

Here forW F ) _E NWO X ` ab Cc d e G S(E NWO fX V I^E NWO X ` ab Cc d e G T (E NWO fX V I>



(It is assumed thatgh ijk l mh ijk n o for all p q r andj q s .) A tu iv k-crystals can be
viewed as a directed edge-colored graph (the crystal graph)whose vertices are the elements
of s , with a directed edge fromj to jw labeledp q r , if and only if xh ijk y jw.
2.2. Tensor products of crystals. Let s z l s { l | | | l s } be tu iv k-crystals. The Cartesian
products } ~ � � � ~ s { ~ s z has the structure of atu iv k-crystal using the so-called
signature rule. The resulting crystal is denoteds y s } � � � � � s { � s z and its elementsij} l | | | l jz k are writtenj} � � � � � jz where j� q s� . The reader is warned that our
convention is opposite to that of Kashiwara [8]. Fixp q r andj y j} � � � � � jz q s . Thep-signature ofj is the word consisting of the symbols� and� given by� � � � �� �� ��� ��� � times

� � � � �� �� ��� ��� � times

� � � � � � � �� �� ��� ��� � times

� � � � �� �� ��� ��� � times

|
The reducedp-signature ofj is the subword of thep-signature ofj, given by the repeated
removal of adjacent symbols� � (in that order); it has the form� � � � �� �� �� times

� � � � �� �� �� times

|
If g y � thenxh ijk y � ; otherwisexh ij} � � � � � jz k y j} � � � � � j� � z � xh ij� k � � � � � jz
where the rightmost symbol� in the reducedp-signature ofj comes fromj� . Similarly, ifm y � then�h ijk y �; otherwise�h ij} � � � � � jz k y j} � � � � � j� � z � �h ij� k � � � � � jz
where the leftmost symbol� in the reducedp-signature ofj comes fromj� . It is not hard to
verify that this well-defines the structure of atu iv k-crystal withgh ijk y g andmh ijk y m
in the above notation, with weight function

(2.4) �� ij} � � � � � jz k y }�� � z �� ij� k |
This tensor construction is easily seen to be associative. The case of two tensor factors is
given explicitly by

(2.5) xh ij{ � jzk y �xh ij{ k � jz if mh ij{ k � gh ijz kj{ � xh ijz k if mh ij{ k n gh ijz k
and

(2.6) �h ij{ � jzk y ��h ij{ k � jz if mh ij{ k � gh ijz kj{ � �h ijz k if mh ij{ k � gh ijz k.
2.3. Combinatorial � -matrix. Let s z ands { be twotu iv k-crystals such thats z � s {
ands { � s z are connected and such that there is a weight� q � with unique elements� q s z � s { and  � q s { � s z of weight �� i� k y �� i  �k y �. Then there is a unique
crystal isomorphism � ¡ s z � s { ¢ s { � s z l
called the combinatorial� -matrix. Explicitly, � i� k y  � and the action of� on any other
element ins z � s { is determined by using� i�h ijkk y �h i� ijkk and � ixh ijkk y xh i� ijkk |
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FIGURE 1. Crystal¤ ¥¦ §¨ of the vector representation

3. THE CRYSTAL ¤ © ª§ OF TYPE « ¬§­®
From now on we restrict our attention to crystals of type« ® and« ¬§­® .

3.1. Dynkin data. For type« ® , the simple roots are¯° ± ²° ³ ²°´ § for µ ¶ · ¸ ¹¯® ± ²® º§ » ²®
and the fundamental weights are¼° ± ² § » ½ ½ ½ » ² ° for µ ¶ · ¶ ¹ ³ ¾¼ ® º§ ± ¥² § » ½ ½ ½ » ²® º§ ³ ²® ¨¿¾¼ ® ± ¥² § » ½ ½ ½ » ²® º§ » ²® ¨¿¾
where² ° À Á ®

is the·-th unit standard vector. We also define¦ ° ± ¼° ± ² § » ½ ½ ½ » ² ° for µ ¶ · ¶ ¹ ³ ¾¦ ® º§ ± ¼® º§ » ¼® ± ² § » ½ ½ ½ » ²® º§¦ ® ± ¾¼ ® ± ² § » ½ ½ ½ » ²®¦ ® ± ¾¼ ® º§ ± ² § » ½ ½ ½ » ²® º§ ³ ²® Â
3.2. The crystals of antisymmetric tensor representations.The crystal graphs of the
antisymmetric tensor representations [10] are denoted by¤ ¥¦Ã ¨ (resp.¤ ¥¦ ® ¨). The crystal
graph¤ ¥¦ §¨ of the vector representation is given in Figure 1. The crystal ¤ ¥¦Ã ¨ (resp.¤ ¥¦ ® ¨) is the connected component of¤ ¥¦ §¨ÄÃ

(resp.¤ ¥¦ §¨Ä®
) containing the elementÅ Æ Å ³ µ Æ ½ ½ ½ Æ µ (resp.¹ Æ ¹ ³ µ Æ ½ ½ ½ Æ µ).

Explicitly, the elements of¤ ¥¦Ã ¨ for µ ¶ Å ¸ ¹ are single columns of height
Å

with
entries from the alphabetÇµ ¸ ¾ ¸ ½ ½ ½ ¸ ¹ ³ µ ¸ ®® ¸ ¹ ³ µ ¸ ½ ½ ½ ¸ µÈ. If É Ã Â Â Â É § is
such a column it has to satisfy

1. ¥É Ê Ë É Ê ´ § ¨ ± ¥¹ Ë ¹ ¨ Ë ¥¹ Ë ¹ ¨ or É Ê ¸ É Ê ´ § for all Ì ;

2. If É Í ± Î andÉ Ï ± Î , then
Å » µ » Ð ³ Ñ ¶ Î .

(3.1)

The elements of¤ ¥¦ ® ¨ (resp. ¤ ¥¦ ® ¨) are single columns of height¹. An elementÉ ® Â Â Â É § À ¤ ¥¦ ® ¨ (resp.¤ ¥¦ ® ¨) satisfies (3.1) and in addition

3. If É Ê ± ¹, then¹ ³ Ì is even (resp. odd);

if É Ê ± ¹, then¹ ³ Ì is odd (resp. even).
(3.2)

The action ofÒ° Ë Ó° for µ ¶ · ¶ ¹ is given by embedding¤ ¥¦Ã ¨ ÔÕ ¤ ¥¦ § ¨ÄÃ
(resp.¤ ¥¦ ® ¨ ÔÕ ¤ ¥¦ §¨Ä®

) in the natural way by mappingÉ Ã ½ ½ ½ É § to É Ã Æ ½ ½ ½ Æ É § and
using the tensor product rules.



3.3. The crystals of spinor representations.There are two crystalsÖ ×Ø Ù Ú andÖ ×ØÙ ÛÜÚ
associated with the spinor representations ofÝ Ù [10]. The elements ofÖ ×ØÙ Ú (resp.Ö ×Ø Ù ÛÜ Ú) are given by single columnsÞ Ù ß ß ß Þ Ü such that

1. Þ à á Þ à â Ü;

2. Þ andÞ cannot occur simultaneously;

3. If Þ à ã ä, thenä å æ is even (resp. odd);

if Þ à ã ä, thenä å æ is odd (resp. even).

(3.3)

If ç è Ö ×Ø Ù Ú or Ö ×Ø Ù ÛÜ Ú andç containsé andé ê ë for ë ì é á ä, theníîç is obtained by
replacingé by é ê ë andé ê ë by é. Elseíî ç ã ï. If ç è Ö ×ØÙ Ú or Ö ×ØÙ ÛÜ Ú andç containsä å ë andä , theníÙ ç is obtained by replacingä å ë by ä andä by ä å ë. OtherwiseíÙ ç ã ï.

Note that forð ã ä å ëñ ä there is the following embedding of crystalsÖ ×Ø ò Ú óô Ö ×õØ ò Ú
whereöî andíî act asö÷î andí ÷î , respectively.

3.4. Affine crystals. As a classical crystal the affine crystalÖ ò øÜ is isomorphic to

(3.4) Ö ò øÜ ùã úûüûýÖ ×Ø ò Ú þ Ö ×Ø ò Û÷ Ú þ ÿ ÿ ÿ þ Ö ×ïÚ if ð is even,ë ì ð ì ä å õÖ ×Ø ò Ú þ Ö ×Ø ò Û÷ Ú þ ÿ ÿ ÿ þ Ö ×Ø Ü Ú if ð is odd,ë ì ð ì ä å õÖ ×Ø ò Ú if ð ã ä å ëñ ä.

The rules forí� on Ö ò øÜ for ð ã ä ñ ä å ë is as follows. Ifç ã ëõÞ Ù Û÷ ß ß ß Þ Ü thení� ç ã Þ Ù Û÷ ß ß ß Þ Ü õ ë. Otherwiseí� ç ã ï. The operatorí� on Ö ò øÜ whenë ì ð á ä å ë
was given by Koga [11] in terms of a tensor product of two spinor representations. For our
purposes, we will need a combinatorial description ofí� on elementsç è Ö ò øÜ represented
by a column of heightð. This description ofç will also be used in the description of the
bijection from crystals to rigged configurations.

As explained in the section on the crystals of antisymmetrictensor representations,ç è Ö ×Ø � Ú can be represented by a column of height
�
. If ç è Ö ×Ø � Ú � Ö ò øÜ then

fill the column of height
�

of ç by pairs×éà ñ éà Ú for ë ì æ ì ×ð å � Ú�õ in the following way
to obtain a column of heightð . Say that position� is connected to the pair×� ñ � Ú è ç if, for
all � á é á � , ç contains eitheré or é, but not bothé ñ é. Seté� ã ï. Let éà be minimal such
that� �ã éà � éà ÛÜ and ç contains neither� , � . Furthermore,� is not connected to any
pair ×� ñ � Ú è ç with � � � . It is not hard to see that all added pairs×éà ñ éà Ú are disallowed
according to (3.1) point 2. It can also be shown thatíî and the filling map commute, that
is, the classical crystal graph with edgesíÜ ñ ß ß ß ñ íÙ does not change. Denote the filling
map to heightð by 	 ò .

Let Ý ò , the dropping map, be the inverse of	 ò . Explicitly, given a one-column tableauç of heightð, seté� ã ï. Let éà be minimal such thatéà � éà ÛÜ, ×éà ñ éà Ú è ç, éà å ë oréà å ë è ç, and if both� ñ� 
è ç for someéà ÛÜ á � á éà å ë then ×� ê ëñ� ê ëÚ è ç. If no
suchéà exists, set� ã æ å ë. Ý ò ×çÚ is obtained by dropping all pairs×éà ñ éà Ú for ë ì æ ì �
from ç.

For the definition ofí� we need slight variants of	 ò andÝ ò , denoted by�	 ò and �Ý ò ,
respectively.�	 ò and �Ý ò are defined in the same way as	 ò andÝ ò , but with é� ã õ.

Example 3.1. Let ç ã 
��
õ è Ö ×Ø � Ú � Ö � øÜ. Then	� ×çÚ ã 
������
õ. Similarly ifç ã õ
�����õ ë è Ö � øÜ thenÝ � ×çÚ ã 
� ë. Finally, �	� ×���õ ëÚ ã �����õ ë.



Theorem 3.2. Let � � � � ��. Then

(3.5) �� � �

�������������� �������������!

"� # $% �&' #()) if � � *+($"�&� #()+ if � � *+(+$"�&� #()* if � � *+( *$"�&' #()+ * if � � *+(+*"� # $% �&� #()+) if � � *("� # $% �&� #()*) if � � +((+* if � � *( * and $% �&' #() � (,
otherwise

where( does not contain*- + - + - *.
The proof will be given in a subsequent paper.
Alternatively, the action of�� is given by�� � . / �� / . where. is an involution on� � �� based on the type

% 0�12 Dynkin diagram automorphism that interchanges nodes 0 and
1. If � � � � �� contains either 1 or*, . #�) is obtained from� by interchanging 1 and*.
If � � *( *, then. #�) � 3"� # 3% #()). If � contains neither 1 nor* then. #�) � "� # 3% #�)).
Here 3% and 3" are defined in the same way as

%
and

"
with 4� � *.

For later use, it will be convenient to define the sets3� � �� for * 5 6 5 7 and 38� 2 ��. For* 5 6 5 7 9 +, 3� � �� � � � ��. 3� 2&��� is the set of all single columns of height7 9 *
satisfying condition (3.1) point 1.3� 2 �� (resp. 38� 2 ��) is the set of all single columns of
height7 satisfying (3.1) point 1 and (3.2). An affine crystal structure can be defined on3� 2&���, 3� 2 �� and 38� 2 �� by extending the rules of Theorem 3.2.

Theorem 3.3. As affine crystals3� 2&��� :� � 2 �� ; � 2&���3� 2 �� :� � 2 �� ; � 2 ��38� 2 �� :� � 2&��� ; � 2&��� <
There are affine crystal embeddings

(3.6) =>?@ A � � �� BC � � �� ; � � ��
mappingD #� � �� ) EC D #� � �� ) ; D #� � �� ) for * 5 6 5 7 and sendingFG and�G to F'G and� 'G , respectively, for

, 5 4 5 7. HereD #� � �� ) � 6 #6 9 *) H H H * for * 5 6 5 7 9 +,D #� 2&��� ) � 7 #7 9 *) H H H + * andD #� 2 �� ) � 7 #7 9 *) H H H + *. Note that the elements in
the image of this embedding are aligned (see [16, Section 6.4]), meaning in this case thatIG #�) andJG #�) are even for all

, 5 4 5 7. Denote the image of� � �� under this embedding

by K � �� � =>?@ #� � �� ). For 6 � 7 9 *- 7 we viewK 2&��� L 38� 2 �� andK 2 �� L 3� 2 ��.
As classical crystals3� 2&��� :� � #M2&� ) N � #M2&O ) N � #M2&P ) N H H H3� 2 �� :� � #M2 ) N � #M2&' ) N � #M2&Q ) N H H H38� 2 �� :� � #M 2 ) N � #M2&' ) N � #M2&Q ) N H H H <



3.5. Paths. Let R S R TU VW X R TUYZ VW X [ [ [ X R TZ VW be a type\ ]W^_ crystal with` a bc ad. For a dominant integral weighte define the set of paths as followsf ge h R i S jk l R m no gki S e, pc gki S q for all r l s t
wheres S u vwx y S w`h z h { { { h d y.

4. BIJECTION BETWEEN PATHS AND RIGGED CONFIGURATIONS

LetR S R TU VW X R TUYZ VW X [ [ [X R TZ VW be a type\ ]W^_ crystal ande a dominant integral
weight. In this section we define the set of rigged configurations|} ge h R i and a bijection~ � |} ge h R i � f ge h R i.
4.1. Rigged configurations. Denote by�� the number of factorsR � VW in R , so thatR S�_��W gR � VW i��� . For later use, let us also define��_�W (resp. ��_ , ���_) to be the number
of tensor factors�R _�WVW (resp.� _ VW, � _�WVW) in R . Let

(4.1) � S ���� ���� � ����_�WV_ � �� �� � � ���_� _ {
Then the sequence of partitions� � S g� ]W^ h � ]�^ h { { { h � ]_^ i is a

ge h R i-configuration if

(4.2) ����c�� r� ]�^c � � S � � e h
where� ]�^c is the number of parts of lengthr in partition � ]�^. A

ge h R i-configuration is

admissible if� ]�^c � x for all � l s andr � x, where� ]�^c is the vacancy number

(4.3) � ]�^c S  �� m � � �¡�� � ¡ �¢ �W £ ¤¥ gr h ¦ i� ]
¡^¢ § {

Denote the set of admissible
ge h R i-configurations by} ge h R i. A rigged configurationg� � h s � i is a sequence of partitions� � S w� ]�^ y��� l } ge h R i together with a double

sequence of partitionss � S ws ]� Vc^ y���c�� such that the partitions ]� Vc^ is contained in a box

of size� ]�^c ¨ � ]�^c . The set of rigged configurations is denoted by|} ge h R i.
4.2. The bijection

~
. Let R © be a tensor product of type\ ]W^_ crystals of the formR �VW

or �R _�WVW.
Theorem 4.1. There exists a unique family of bijections

~ª � |} ge h R i � f ge h R i such
that:

(1) SupposeR S R WVW X R ©. Then the diagram|} ge h R i «¬����� f ge h R i­ ®®̄ ®®̄°±²³Y |} ge� h R © i «¬ ´����� ²³Y f ge� h R ©i
commutes.



(2) Supposeµ ¶ ·µ ¸ ¹º » µ ¼ with ½ ¾ ¿ ¾ À Á Â and let Ãµ ¶ µ º¹º » ·µ ¸Äº¹º » µ ¼.
Then the diagram ÅÆ ÇÈ É µ Ê ËÌÁÁÁÁÍ Î ÇÈ É µ ÊÏÐ ÑÑÒ ÑÑÒÏÓÅÆ ÇÈ É Ãµ Ê Ë ÔÌÁÁÁÁÍ Î ÇÈ É Ãµ Ê
commutes.

(3) Supposeµ ¶ µ ¸ ¹º » µ ¼ with ¿ ¶ À Á ÂÉ À. Then the diagramÅÆ ÇÈ É µ Ê ËÌÁÁÁÁÍ Î ÇÈ É µ ÊÕÖ ÑÑÒ ÑÑÒ×ØÖÙÚÛÖ ÅÆ ÇÈÄÖ É µ ¼ Ê ËÌ ÜÁÁÁÁÍ ÙÚÛÖ Î ÇÈÄÖ É µ ¼Ê
commutes.

A proof of this theorem will be given in a subsequent paper. Inthe following we define
the various yet undefined maps.

4.3. Various maps. The mapÝÞ ß Î ÇÈ É µ º¹º » µ ¼Ê Í ÙÚÛ Î ÇÈÄ É µ ¼Ê in point 1 of
Theorem 4.1 is given byà » à¼ áÍ à¼. The union is over all

ÈÄ such that

È Á ÈÄ is the
weight of an element inµ º¹º.

Similarly, the mapÝÞ â ß Î ÇÈ É µ Ê Í ÙÚÛÖ Î ÇÈÄÖ É µ ¼ Ê of point 3 is given byà» à¼ áÍ à¼.
The union is over all

ÈÄÖ such that

ÈÁÈÄÖ is the weight of an element inµ ¸ ¹º for ¿ ¶ ÀÁÂ
or À.

The mapãä ß Î ÇÈ É µ Ê Í Î ÇÈ É Ãµ Ê in point 2 of the theorem is obtained by sendingå ¸å ¸Äº æ æ æ å º» à¼ ç Î
ÇÈ É ·µ ¸ ¹º »µ ¼Ê toå ¸ »å ¸Äº æ æ æ å º » à¼ ç Î

ÇÈ É µ º¹º » ·µ ¸Äº¹º »µ ¼Ê for Â ¾ ¿ ¾ À Á Â. Similarly we may also defineãä to mapåèå èÄº æ æ æå º » à¼ çÎ ÇÈ É é èÄº¹º » µ ¼Ê orÎ ÇÈ É é è ¹º » µ ¼ Ê toåè »åèÄº æ æ æå º » à¼ ç Î
ÇÈ É µ º¹º » ·µ èÄº¹º »µ ¼Ê.

Defineãê ß ÅÆ ÇÈ É µ Ê Í ÅÆ ÇÈ É Ãµ Ê in the following way. Let

Çë ì É í ì Ê ç ÅÆ ÇÈ É µ Ê. Ifµ ¶ ·µ ¸ ¹º»µ ¼ for Â ¾ ¿ ¾ ÀÁÂ, ãê Çë ì É í ì Ê is obtained from

Çë ì É í ì Ê by adding a singular
string of length 1 to each of the first¿ Á Â rigged partitions of

ë ì
. Forµ ¶ é è ¹º » µ ¼,

add a singular string of length 1 to

Çë ì É í ì Ê îïð for Â ¾ ñ ¾ À Á Â. Forµ ¶ é èÄº¹º » µ ¼,
add a singular string of length 1 to

Çë ì É í ì Ê îèð and

Çë ì É í ì Ê îïð for Â ¾ ñ ¾ À Á ½.
Lemma 4.2. ãê is a well-defined injection that preserves the vacancy numbers.

The mapsò andòâ are defined in the next two subsections.

4.4. Algorithm for ò. Let

Çë ì É í ì Ê ç ÅÆ ÇÈ É µ º¹º » µ ¼ Ê. The mapò ß ÅÆ ÇÈ É µ º¹º »µ ¼Ê Í ÙÚÛ ÅÆ ÇÈÄ É µ ¼Ê is defined by the following algorithm [17]. The partition

í îï ¹óð
is called singular if it has a part of sizeô îïðó .

Setõ îöð ¶ Â and repeat the following process forñ ¶ ÂÉ ½ É ÷ ÷ ÷ É À Á ½ or until stopped.
Find the smallest indexø ù õ îïÄºð such that

í îï ¹óð is singular. If no suchø exists, setà ¶ ñ
and stop. Otherwise setõ îïð ¶ ø and continue withñ ú Â.

If the process has not stopped atñ ¶ À Á ½, find the minimal indicesø É û ù õ îèÄüð such
that

í îèÄº ¹óð and

í îè ¹ý ð are singular. If neitherø nor

û
exist, setà ¶ À Á Â and stop. Ifø

exists, but not

û
, setõ îèÄºð ¶ ø, à ¶ À and stop. If

û
exists, but notø, setõ îèð ¶ û , à ¶ À

and stop. If bothø and

û
exist, setõ îèÄºð ¶ ø, õ îèð ¶ û and continue withñ ¶ À Á ½.



Now continue forþ ÿ � � � � � � � � � � � � �
or until stopped. Find the minimal index� � 	 
�� 
�

where
	 
��
� ÿ ��� �	 
��
� � 	 
�� � such that� 
� ��� is singular (if

� ÿ 	 
�� then
there need to be two parts of size� 
��� in � 
� ���). If no such

�
exists, set� ÿ þ � �

and stop.

If the process did not stop, set� ÿ �
. Set all yet undefined

	 
�� and
	 
��

to � .
The rigged configuration� �� � � �� � � ÿ  �� � � � � � is obtained by removing a box from the

selected strings and making the new strings singular again.Explicitly

! 
��� � �� � � ÿ ! 
��� �� � � �
"######$######%

�
if

� ÿ 	 
�� � ���
if

� ÿ 	 
���
if

� ÿ 	 
�� � �
and

� & þ & � � �
��

if
� ÿ 	 
��

and
� & þ & � � �'

otherwise.

The partition �� 
� ��� is obtained from� 
� ��� by removing a part of size� 
��� �� � � for
� ÿ 	 
��

and
� ÿ 	 
��

, adding a part of size� 
��� � �� � � for
� ÿ 	 
�� � �

and
� ÿ 	 
�� � �

, and leaving
it unchanged otherwise.

Example 4.3. Let �� � � � � � ( )* �+ � , � with + ÿ -. and
, ÿ �, 
�
 �/. 0 �, . �
 �/1 of

type2 

�3 given by

' '' ''
' ''� ��

' '' ' ' '

Here the vacancy number� 
��� is written on the left of the parts of length
�

in � 
�� and the
partition � 
� ��� is given by the labels on the right of the parts of length

�
in � 
�� . In this

case
	 

� ÿ 	 
.� ÿ 	 
1� ÿ �

,
	 
3� ÿ �,

	 
.� ÿ 	 

� ÿ � and� ÿ �, so that �� � � � � � is

' '' ' ' ''� �
� ' � �

4.5. Algorithm for  4. The embedding (3.6) can be extended to paths

(4.4) 5�67 8 9 �+ � , � :; 9 �<+ � <, �
where <+ ÿ �+,

, ÿ =��> 
 �, � �
 �/?@ , and <, ÿ =��>
 �, � �
 �/ A?@ where <B � ÿ �B � for� & þ & �. A path� ÿ �? 0 C C C 0 �
 ( 9 �+ � , � is mapped to5�67 ��� ÿ 5�6D ��? � 0C C C 0 5�6D ��
�.
An analogous embedding can be defined on rigged configurations

(4.5) 5�6EF 8 )* �+ � , � :; )* �<+ � <, �
where5�6EF �� � � � � � ÿ � �� � � � � �.



Theorem 4.4. For G a tensor product of crystals of the formG HIJ with K L M L N O P the
following diagram commutes:QR ST U G V WXOOOOY Z ST U G V[\]^_ `̀a `̀a[\]XQR SbT U bG V W cXOOOOY Z SbT U bG V d

The proof of this theorem will be given in a subsequent paper.
The definition ofef is given in such a way that Theorem 4.4 also holds for the spinor

case. Let us define ef g QR ST U G V Y hijk
QR STlk U G m V

as follows. For

Sn o U p o V q QR ST U G V applyrstuv and then a sequence of points 1 and 2
of Theorem 4.1 to remove the last tensor factor. The claim is that this rigged configuration
is in the image ofrstuv so that one can applyrstlJuv . The result isef Sn o U p o V.
Example 4.5. Let

Sn o U p o V q QR ST U G V with

T w Px J y xz andG w G { IJ | G } IJ |SG JIJ V~� of type� �J�{ given by

P K � �� � � �� � � � � �
Thenef Sn o U p o V q QR STlk U G m V with

Tlk w x J y x} andG m w G } IJ | SG JIJ V~� is

K K � �� � �� � � � �
The details are given in Table 1. The first entry isrstuv Sn o U p o V. The next entries are
obtained by acting withe � �� . Acting with rstlJuv on the last rigged configuration yieldsef Sn o U p o V. In the last column of the table we recorded� of the algorithme. Hence the step
in G {IJ corresponding to this rigged configuration isP��� K.

5. STATISTICS ON PATHS AND RIGGED CONFIGURATIONS

A statistic can be defined on both paths and rigged configurations. In this section we
will define the intrinsic energy function on paths and cocharge statistics on rigged config-
urations. The bijection� preserves the statistics.

In Section 2.3 we defined the combinatorial� -matrix� g G} | G J Y G J | G J | G} .
In addition, there exists a function� g G} | G J Y � called the local energy function, that
is unique up to a global additive constant. It is constant on

p
components and satisfies for

all �} q G} and�J q G J with � S�} | �JV
w �mJ | �m}

� S�� S�} | �J VV
w � S�} | �J V y

�����
OK if �� S�} V � �� S�J V and�� S�mJ V � �� S�m} VK if �� S�} V L �� S�J V and�� S�mJ V L �� S�m} V� otherwise.

We shall normalize the local energy function by the condition � S� SG } V | � SG J VV
w �.

For a crystalG � IJ of type � �J�� , the intrinsic energy�� � �� g G � IJ Y � is defined as
follows. Let � q G � IJ which is in the classical componentG Sx�l}� V (see (3.4)). Then�� � �� S�V w  

.



¡ ¢£ ¤ ¥ ¢¦ ¤ §¨©ª ¡ ¢£ ¤ ¥ ¢¦ ¤ §¨«ª ¡ ¢£ ¤ ¥ ¢¦ ¤ §¨¬ª ¡ ¢£ ¤ ¥ ¢¦ ¤ § ¨­ª ¡ ¢£ ¤ ¥ ¢¦ ¤ § ¨®ª ¯
° ± ² ²² ² ² ²² ² ² ² ² ²
³ ± ² ²² ² ² ²² ² ´ ² ² ² µ
³ ± ² ²² ² ² ²´ ² ² ² ² ² ¶
³ ± ² ²´ ² ² ²² ² ² ² ² ·
³ ± ² ²² ² ²² ² ² ² ² ¸
± ± ² ²² ² ²² ² ² ² ² ¹

TABLE 1. An example forº»
On the tensor product¼ ½ ¼¾ ¿ À À À ¿ ¼ © of simple crystals there is an intrinsic energy

function definedÁÂ Ã ¼ Ä Å (see for example [18, Section 2.5])

(5.1) ÁÂ ½ Æ©ÇÈÉÊ Ç¾ Ë ÈÌ ÈÍ ©Ì ÈÍ« À À À ÌÊ Î© Ï ¾ÆÊÐ© ÁÂÑ Ò ©Ì ©Ì« À À À ÌÊ Î© Ó
HereÌ È andË È denote the combinatorialÌ -matrix and local energy function acting on
the Ô-th and

¡Ô Ï ¹§-th tensor factors, respectively.Ò © is the projection onto the rightmost
tensor factor.

Similarly, there is a statistic on the set of rigged configurations given byÕÕ ¡£ ¤ ¥ ¦ ¤ § ½ÕÕ ¡£ ¤ § Ï Ö ×ØÈ Ù¦ ¨× ØÈª Ù whereÙ¦ ¨× ØÈª Ù is the size of the partition
¦ ¨× ØÈª and

(5.2) ÕÕ ¡£ ¤ § ½ ¹µ Æ×ØÚÛÜ ÆÊ ØÝÞ© ¡ß× Ù ß Ú § à áâ ¡ã ¥ ä §å ¨×ªÊ å ¨ÚªÝ Ó
Let

¢æ ½ æ ç è
where

è Ã éê ¡ë ¥ ¼ § Ä éê ¡ë ¥ ¼ § with
è ¡£ ¤ ¥ ¦ ¤ § ½ ¡£ ¤ ¥ ¢¦ ¤ § is the function

which complements the riggings, meaning that
¢¦ ¤ is obtained from

¦ ¤ by complementing
all partitions

¦ ¨× ØÈª in theå ¨×ªÈ ì í ¨×ªÈ rectangle.

Conjecture 5.1. Let¼ ½ ¼ Ýî Ø© ¿ À À À ¿ ¼ Ýï Ø© be a crystal of typeÁ ¨©ªð and
ë

a dominant
integral weight. The bijection

¢æ Ã éê ¡ë ¥ ¼ § Ä ñ ¡ë ¥ ¼ § preserves the statistics, that isÕÕ ¡£ ¤ ¥ ¦ ¤ § ½ Á ¡ ¢æ ¡£ ¤ ¥ ¦ ¤ §§ for all
¡£ ¤ ¥ ¦ ¤ § ò éê ¡ë ¥ ¼ §.

An immediate corollary of Theorem 4.1 and Conjecture 5.1 is the equalityÆÚÛó ¨ô ØÂ ª õö ¨Úª ½ Æ¨÷ ø ØÜ øªÛùú ¨ô ØÂ ª õ ûû ¨÷ ø ØÜ ø ª Ó
We expect to provide a proof of Conjecture 5.1 in a subsequentpaper.
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