TYPE D{"” CRYSTALS AND RIGGED CONFIGURATIONS
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Abstract. Finite-dimensional affine crystals are not yet very well erstiood. Virtual crystals yield

a presentation of crystals of nonsimply-laced type in teofnsrystals of simply-laced type. Hence
it is important to understand the crystal structure of sippted types. The combinatorial structure
of crystals of simply-laced typﬂ(nl) is known. In this note we describe the combinatorial stmectu
of crystals of typeDSLl). We also give a bijection between crystal paths and riggeéigarations for
the antisymmetric tensor and spinor representation oftyﬁé. This bijection reflects two different
methods to solve lattice models in statistical mechanios:corner-transfer-matrix method and the
Bethe Ansatz.

Résune. Les cristaux affines de dimension finie ne sont pas encaséied compris. Les cristaux
virtuels permettent une présentation de cristaux non Isimgnt entrelacés, en termes de cristaux
simplement entrelacés. D'ou I'importance de comprefaigructure de ces derniers. La structure
combinatoire de cristaux simplement entrelaAé@ est connue. Cet article décrit la structure combi-
natoire de cristaux de typ@%l). Nous produisons aussi une bijection entre les cheminstins et

les configurations ‘gréées’, pour un produit tensorigisymmetrique et une représentation spineur
de typeDSLl). Cette bijection refléte I'existence de deux méthodes pouver la solution de modéles
sur réseau en mécanique statistique: la méthode ‘coraesfer-matrix’ et '’Ansatz de Bethe.

1. INTRODUCTION

The quantized universal enveloping algelifdg) associated with a symmetrizable
Kac—Moody Lie algebrg was introduced independently by Drinfeld [1] and Jimbo [4]
in their study of two dimensional solvable lattice modelstatistical mechanics. The pa-
rameterg corresponds to the temperature of the underlying modelhidasa [6] showed
that at zero temperature @= 0 the representations éf, (g) have bases, which he coined
crystal bases, with a beautiful combinatorial structurd &vorable properties such as
unigueness and stability under tensor products.

The underlying algebras of affine crystals are affine Kac-ti§cadgebrag. There are
two affine crystal categories: (i) crystal bases of infinitmehsional integrablé/, (g)-
modules and (ii) crystal bases of finite dimensiatig{g)-modules, wheré/, (g) is a sub-
algebra ofU, (g) without the degree operator. The first category is well-usid@d. For
instance, it is known [7] that an irreducible integrablg(g)-module has a unique crystal
basis. On the other hand, the latter are still far from welllerstood. For example, it is
not even known which finite dimensioni] (g)-modules have a crystal basis.

Recently, the existence of a family of finite dimensioﬁfg(g)—modules{Ws(”} with
crystal base{B™*} (1 < r < n,s > 1), wheren + 1 is the number of vertices in
the Dynkin diagram ofy, were conjectured [3, 2]. The existence of such crystatsaill
the definition of one dimensional configuration sums, whitiy@n important role in
the study of phase transitions of two dimensional exactlyadile lattice models. Fog
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of type AS), the existence of the crystal™® was settled in [9], and the one dimensional
configuration sums contain the Kostka polynomials, whiébeain the theory of symmetric
functions, combinatorics, the study of subgroups of fintielan groups, and Kazhdan—
Lusztig theory. In certain limits they are branching funos of integrable highest weight
modules.

In [16, 18] virtual crystals were introduced. Virtual craiit are a realization of crystals
of type X as crystals of typ&”, based on well-known natural embeddings— Y of
affine algebras [5]:

CT(LI):A;i)JAgi)TJDS-?—l — Agln)fl
2 1 1

A5y 1, B = Dyl
EY, FM - EY
p{¥, G — DV

Note that under these embeddings every affine Kac—-Moodypedge embedded into one
of simply-laced type4$ll), DS) or Eél). Hence, by the virtual crystal method the combi-
natorial structure of any finite-dimensional affine crystah be expressed in terms of the
combinatorial crystal structure of the simply-laced typ&thereas the affine crystaty™*

of type Ag) are already well-understood [19], this is not the caseBdf of typesDS)
andEY.

In this note we discuss the affine cryst@#$:! for type DSLU and the corresponding
rigged configurations. The crystal structure®f' of typeD(nl) is given by Koga [11].
However, here we need a different combinatorial descripdibthese crystals compatible
with rigged configurations. Rigged configurations first arosthe Bethe Ansatz studies
of exactly solvable lattice models. They yield fermionicrfaulas for the one-dimensional
configuration sums of the underlying lattice model. The tdemmionic formula was
coined by the Stony Brook group [12, 13], who interpretedrfienic-type formulas for
characters and branching functions of conformal field theoodels as partition functions
of quasiparticle systems with “fractional” statistics gl Pauli’'s exclusion principle.

We present a bijection between crystal paths and riggedgqumafions of typeD%l)
generalizing the bijection of typAS) [14, 15] and the bijections for crystaB!:! for
any nonexceptional type [17]. This bijection reflects twifedient methods to solve lattice
models in statistical mechanics: the corner-transferimatethod and the Bethe Ansatz.

2. CRYSTAL BASES

2.1. Axiomatic definition of crystals. Let g be a symmetrizable Kac-Moody algebfa,
the weight lattice/ the index set for the vertices of the Dynkin diagrangofa; € P | i €
I} the simple roots, anflh; € P* | i € I} the simple coroots. Léf,(g) be the quantized
universal enveloping algebra gf8]. A U,(g)-crystal is a nonempty s@& equipped with
mapswt : B — P ande;, f; : B — BU {@} forall i € I, satisfying

2.1) Fi0) = & e;()) = bif b} € B
(2.2) wt(fi(b)) = wt(b) — i if fi(b) € B
(2.3) (hi, wt(b)) = ¢i(b) — € (b).

Here forb € B
€;(b) = max{n > 0| e}'(b) # &}
¢i(b) =max{n > 0| f{*(b) # @}



(It is assumed thap;(b), €;(b) < oo forall i € I andb € B.) A U,(g)-crystalB can be
viewed as a directed edge-colored graph (the crystal gralpbge vertices are the elements
of B, with a directed edge fromto b’ labeled: € I, if and only if f;(b) = b'.

2.2. Tensor products of crystals. Let By, Bs, ..., B, beU,(g)-crystals. The Cartesian
productByr, x --- x By x By has the structure of &,(g)-crystal using the so-called
signature rule. The resulting crystal is denofee= By, ® - - - ® By ® B; and its elements
(br,-..,by) are writtenb, ® --- ® by whereb; € B;. The reader is warned that our
convention is opposite to that of Kashiwara [8]. Fig I andb =b, ® ---®b; € B. The
i-signature ob is the word consisting of the symbolsand— given by

—_— + e + +
—— —— —— ——
pi(br) times ¢;(br) times @i(b1) times ¢;(b1) times

The reduced-signature o is the subword of theé-signature ob, given by the repeated
removal of adjacent symbol¥s— (in that order); it has the form

N e
S—— =
@ times e times

If ¢ = 0thenf;(b) = &; otherwise
filbp®---®@b1) =br @ Qb1 ® fi(b;) ®--- @by

where the rightmost symbel in the reduced-signature ob comes fromb;. Similarly, if
e = 0 thene;(b) = @; otherwise

eilbr®--®b)=b,® - @bjy1 ®ei(b) ®--- @by

where the leftmost symbet in the reduced-signature ob comes fromb;. Itis not hard to
verify that this well-defines the structure olg(g)-crystal withy; (b) = ¢ ande;(b) = ¢
in the above notation, with weight function

L
(2.4) wt(by ® - ®by) = Y wi(b)).
j=1

This tensor construction is easily seen to be associatikie.case of two tensor factors is
given explicitly by

, _ ) filb2) @ b1 if €i(b2) > i(b1)
(25) filbaob) = {bz & filb) i ba) < ilby)
and

(D _ ei(bz) Qb if Gi(bz) > goi(bl)
(2.6) ei(ba ®by) = {b2 ®ei(by) if ei(ba) < i(by).

2.3. Combinatorial R-matrix. Let B, andB; be twoU,(g)-crystals such thaB; ® B,
and B, ® B; are connected and such that there is a welght P with unique elements
u € By ® By andi € By ® B; of weightwt(u) = wt(@#) = A. Then there is a unique
crystal isomorphism

R:B; ® By —)Bz@Bl,
called the combinatorid®-matrix. Explicitly, R(u) = @ and the action oR on any other
elementinB; ® B, is determined by using

R(ei(b)) = ei(R(b))  and  R(fi(b) = fi(R(D)).
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FIGURE 1. CrystalB(w,) of the vector representation

3. THE CRYSTAL B*! oF TYPED(nl)
From now on we restrict our attention to crystals of typg andD,(Il).

3.1. Dynkin data. For typeD,, the simple roots are
Q; = E; — €41 fOI’lSi<1’L
Qp =€Ep-1+En
and the fundamental weights are
ANi=e1+---+¢; fori<i<n-2
Ap1=(e14+ - +en-1—¢€n)/2
An=(e1+--+en1+en)/2
wheree; € Z" is thei-th unit standard vector. We also define
wi=AN=¢e1+--+¢; fori<i<n-—2
Wn1=Ap1+Ap=ce1+-+en
wn=2Ap,=e1+---+e,
Wn = 2An71 =&1+ - -+En-1—E€n-
3.2. The crystals of antisymmetric tensor representations.The crystal graphs of the
antisymmetric tensor representations [10] are denotdgi(ay) (resp.B(w,)). The crystal
graphB(w;) of the vector representation is given in Figure 1. The ciyBtav,) (resp.
B(w,)) is the connected componentB{w; )®*¢ (resp. B(w;)®™) containing the element
IRL—1Q---Q1(respi®®n—1Q---® 1).
Explicitly, the elements oB(w,) for 1 < ¢ < n are single columns of heigltwith

entries fromthe alphabdl < 2 < ---<n—-1<2<n—-1<---<1}. lfmy...mq is

such a column it has to satisfy
31 1. (mj,mj_H) = (n,ﬁ), (ﬁ, ’I’L) orm; < mj 1 for allj;
(3.1) 2. 1fm, =pandm, =p, thenf+1+a—b<p.

The elements oBB(w,) (resp. B(wy)) are single columns of height. An element
My, ..My € B(wy,) (resp.B(w,,)) satisfies (3.1) and in addition
3. If m; = n, thenn — j is even (resp. odd);

(32) if m; = m, thenn — j is odd (resp. even).

The action ofe;, f; for 1 < i < n is given by embeddin@(w;) — B(w;)®* (resp.
B(w,) — B(w1)®") in the natural way by mapping, ---m; to my ® --- ® m; and
using the tensor product rules.



3.3. The crystals of spinor representations.There are two crystalB(A,,) andB(A, 1)
associated with the spinor representationdgf [10]. The elements oB(A,,) (resp.
B(A,_1)) are given by single columns,, . ..m; such that

1L.m; <mjyr;

2. m andm cannot occur simultaneously;

3. If m; = n, thenn — j is even (resp. odd);
if m; = m, thenn — j is odd (resp. even).

(3.3)

If b € B(A,) or B(A,_1) andb containg and: + 1 for 1 < i < n, thenf;b is obtained by
replacing by i+ 1 andi + 1 byi. Elsef;b = 0. If b € B(A,) or B(A,,_;) andb contains
n — 1 andn, then f,,b is obtained by replacing — 1 by 7 andn by n — 1. Otherwise
fab=0.

Note that fork = n — 1, n there is the following embedding of crystals

wheree; and f; act ase? and fZ, respectively.

3.4. Affine crystals. As a classical crystal the affine crys@#-! is isomorphic to

B(Ar)® B(Ag 2)®---®B(0) ifkisevenl <k<n-—2
(34) BM = B(A)®B(Ar2)®---®B(Ay) ifkisodd1<k<n-—2
B(Ag) ifk=n—1,n.

The rules forfy, on B¥! for k = n,n — 1 is as follows. Ifb = 12m,,_5...m; then
fob = my_s...m;21. Otherwisefob = 0. The operatoif, on B! whenl < k <n —1
was given by Koga [11] in terms of a tensor product of two spiepresentations. For our
purposes, we will need a combinatorial descriptiorfgdn elementd € B*! represented
by a column of heighk. This description ob will also be used in the description of the
bijection from crystals to rigged configurations.

As explained in the section on the crystals of antisymmegritsor representations,
b € B(A;) can be represented by a column of heightlf b € B(A;,) c B*! then
fill the column of height of b by pairs(i;, i;) for 1 < j < (k — £)/2 in the following way
to obtain a column of heiglit. Say that positiom is connected to the pa(g, ¢) € b if, for
all p < i < g, b contains eithei or 4, but not bothi, i. Setio = 0. Leti; be minimal such
thatp := i; > 4;_; andb contains neithep, p. Furthermorep is not connected to any
pair (g,q) € bwith ¢ > p. Itis not hard to see that all added pafis, i;) are disallowed
according to (3.1) point 2. It can also be shown tfiaand the filling map commute, that
is, the classical crystal graph with edggs. . ., f, does not change. Denote the filling
map to heighk by Fy,.

Let Dy, the dropping map, be the inverselgf. Explicitly, given a one-column tableau
b of heightk, setiq = 0. Leti; be minimal such that; > i;_1, (i;,4;) € b, i; — 1 or
i; — 1 € b, and if bothp, p & b for somei;_; < p <i; —1then(p+1,p+1) € b. Ifno
suchi; exists, sett = j — 1. Dy (b) is obtained by dropping all paif$;,i;) for1 < j < a
from b.

For the definition off, we need slight variants df;, and D, denoted byF}, and Dy,
respectively £}, andDj, are defined in the same way Bs and Dy, but withiy = 2.

Example 3.1. Letb = 35532 € B(As) C B%!. ThenFy(b) = 356776532. Similarly if
b = 234565421 € B! thenDy(b) = 361. Finally, F; (46421) = 4565421.



Theorem 3.2. Letb € B*1. Then
(Fk(Dk_2(.Z')) IbeE.’L'

F 1(x)2 if b =122
Fy1(2)1 if b= 1221
(3.5) fob =4 Fy—»(z)21 if b = 12221

Fk(Dkfl(:L')l) Iszil'
z21 if b=TzlandDy »(z) =z
0 otherwise

\
wherez does not contain, 2,2, 1.

The proof will be given in a subsequent paper.

Alternatively, the action of is given byfy = o o f; o 0 whereo is an involution on
B*! based on the typBS) Dynkin diagram automorphism that interchanges nodes 0 and
1. If b € B! contains either 1 of, o(b) is obtained fromb by interchanging 1 and.

If b = 1z1, theno(b) = E%(D(z)). If b contains neither 1 ndr theno (b) = Fy (D(b)).
HereD andF are defined in the same way Bsand F with iq = 1.

For later use, iEWi” be convepient to define the sBfs! for 1 <k<n andB™'. For
1< k<n-2 B =Bkl Br-Llis the set of all single columns of height— 1

satisfying condition (3.1) point 1Bm! (resp. é”’l) is the set of all single columns of
heightn satisfying (3.1) point 1 and (3.2). An affine crystal struetgan be defined on

Bn—11 Bnl and B™! by extending the rules of Theorem 3.2.
Theorem 3.3. As affine crystals
Bn—Ll ~ gnil ® B 11
B! = gl @ gt
én,l o~ pgn—L1 g gn—1.1
There are affine crystal embeddings
(3.6) embp : BM! « Bbl g Bh!

mappingu(B*1!) — u(B*!) @ u(B*!) for 1 < k < n and sending; and f; to e? and
f2, respectively, fol0 < i < n. Hereu(B*!) = k(k—1)---1for1 < k < n-—2,
w(B"11) =n(n —1)---21 andu(B™!) = n(n — 1) --- 21. Note that the elements in
the image of this embedding are aligned (see [16, Sectid), Géaning in this case that
i (b) ande;(b) are even for al) < i < n. Denote the image dB*! under this embedding
by E¥! = embpg(B*!). Fork = n — 1,n we view En—11 ¢ Bm! andE™! ¢ B,

As classical crystals

B" 1! = B(wp_1) @ B(wn—3) & Blwn—5) ® -
B™! = B(wn) @ B(wn—2) @ B(wn—4) &+ -
én,l = B(wn) S3) B(wn—Z) @ B(w”—4) SRR



3.5. Paths. Let B = Bt:l @ Bke-1lg ... Bkl be atypeD$) crystal withl < k; <
n. For a dominant integral weightdefine the set of paths as follows

P(A,B) ={be B|wt(b) =\ e;(b)=@foralli e J}
whereJ = I\{0} = {1,2,...,n}.

4. BIJECTION BETWEEN PATHS AND RIGGED CONFIGURATIONS

Let B = BkrlgBhi-1:1g...@ Bkl be atypeDy crystal and\ a dominantintegral
weight. In this section we define the set of rigged configoresRC (A, B) and a bijection
& : RC(\, B) = P(\, B).

4.1. Rigged configurations. Denote by the number of factor®®! in B, so thatB =
®"_,(B*1)®L". For later use, let us also defii@—' (resp. L™, L") to be the number

a=

of tensor factor" =11 (resp.E™!, En~L1)in B. Let

(4.1) L= LN+ Y Lw,+L'@,.
acJ ac{n—1,n}
Then the sequence of partition$ = (v, »(?) ... v(™) is a(), B)-configuration if
(4.2) S im{"a, = L),
acJ
i>0

wheremg“) is the number of parts of lengthin partition»(*). A (), B)-configuration is
admissible ifpﬁ“) > 0foralla € J andi > 0, wherep!® is the vacancy number

%

(4.3) P = (a0 | L= Y o ¥ minG, j)m?).

bed  j>1

Denote the set of admissib(e, B)-configurations byC(A, B). A rigged configuration

(v*,J*) is a sequence of partitiong = {v(¥},c; € C(), B) together with a double

sequence of partitiong® = {J(9},c such that the partitiod (> is contained in a box
i>0

(a)

of sizem;”’ x p§“>. The set of rigged configurations is denoted®dy(A, B).

4.2. The bijection ®. Let B’ be a tensor product of typ@,(ll) crystals of the formB®!
or Bn=1.1,

Theorem 4.1. There exists a unique family of bijectiofig : RC(A, B) — P()\, B) such
that:
(1) SupposeB = BY! ® B'. Then the diagram

RC(\,B) —225  P(\B)

6l llh
Us- RC(A—, B)) —2 U,- P(A~, B')

commutes.



(2) SupposeB = B*! @ B'with2 < k <n —1andletB = Bl @ B¥~11 g B'.
Then the diagram

RC(\,B) —22 P()\,B)

o I

~ 5 ~
RC(\,B) —=— P(\,B)
commutes.
(3) SupposeB = B*! @ B’ with k = n — 1,n. Then the diagram

RC(\, B) 22,  P(\DB)

.| i

Dy _
U/\_s RC(A™+,B") —— U,\_S P(A~=,B")
commutes.

A proof of this theorem will be given in a subsequent papethinfollowing we define
the various yet undefined maps.

4.3. Various maps. The maplh : P(A\,B"' ® B') = |J,- P(A~, B’) in point 1 of
Theorem 4.1 is given by ® V' — b'. The union is over alh~ such that\ — A~ is the
weight of an element iB*:!.

Similarly, the magh, : P(\, B) = J,-. P(A~*, B) of point 3 is given byp@b’ + b'.
The unionis over alA~= such that— X~ is the weight of an element iB*:! for k = n—1
orn.

The mapts : P(\,B) — P(}, §) in point 2 of the theorem is obtained by sending
Mpmp_1-- M Qb € 7)()\, B’“@B’) tomp@my_1---mi Qb € P()\, B1’1®Bk_1’1®
B')for1 < k < n — 1. Similarly we may also defings to mapm,m,_1---m; Q b’ €
P\, Er~L1@B orP(\, E®' @B') tom, ®@my,_1 ---my Qb € P(\, Bl @B 1lg
B").

Definetj : RC(\, B) — RC(\, B) in the following way. Let(v*, J*) € RC(), B). If
B = B* @B for1 < k < n—1,tj(v*, J*) is obtained fron{»*, J*) by adding a singular
string of length 1 to each of the firét— 1 rigged partitions o&®*. ForB = E™! @ B/,
add a singular string of length 1 {e®, J*)(® for1 <a <n —1. ForB = E» L' @ B,
add a singular string of length 1 fe*, J*)™ and(v*, J*)(® for1 < a < n — 2.

Lemma 4.2. tj is a well-defined injection that preserves the vacancy nusabe
The maps andd, are defined in the next two subsections.

4.4. Algorithm for 4. Let (v*,J*) € RC(\, B! ® B'). The maps : RC(\, Bl ®
B") - J,- RC(A—, B') is defined by the following algorithm [17]. The partitiok*?
is called singular if it has a part of sipéa).

Set/(®) = 1 and repeat the following process for= 1,2,...,n — 2 or until stopped.
Find the smallest index> ¢(~1) such that/(*% is singular. If no such exists, seb = a
and stop. Otherwise sét*) = i and continue with + 1.

If the process has not stoppediat n — 2, find the minimal indices, j > £(*~2) such
that J(»~1% and.J(™) are singular. If neithei nor j exist, seth = n — 1 and stop. Ifi
exists, but nofj, set/("~1) = i, b = n and stop. Ifj exists, but noi, seté(™ = j b =7
and stop. If bothi andj exist, se?™ 1) =4, (") = j and continue withy = n — 2.



Now continue fora = n — 2,n — 3,...,1 or until stopped. Find the minimal index
i > 7T where?™ ™ = max(¢(=), £m) such that7(»? is singular (ifi = £ then
there need to be two parts of s'@@) in J(®9), If no suchi exists, seb = a + 1 and stop.

If the process did not stop, set= T. Set all yet undefined® and?™” to oo.
The rigged configuratio(w®, J*) = §(v*, J*) is obtained by removing a box from the
selected strings and making the new strings singular agiplicitly

1 ifi=¢ -1
-1 ifi=¢@
m{® @) =m{P ") +{1 ifi =7 —landl<a<n—2
1 ifi=r"andl<a<n-2
0 otherwise.

The partitionf(@-9) is obtained from/(a9) by removing a part of sizg{® (v*) for i = £(@)
andi = 7, adding a part of sizp{® (#*) fori = £(®) — 1 andi = 7" _1, and leaving
it unchanged otherwise.

Example 4.3. Let (v*,J*) € RC(\, B) with A = A, andB = (B11)®2 @ (B?1)®3 of
typeDfll) given by

o
o
o
o
o

o o[TT]0
0

Jo 11
1

Here the vacancy numbpi’a) is written on the left of the parts of lengtfin »(*) and the
partition J(=9 is given by the labels on the right of the parts of length »(®). In this

casef) = £2 = ¢® =1, ¢® = 3,7 =7 = o andb = 3, s0 thati(v*, J*®) is

0 00 o 1[[]Jo 1[]]1
0

0 0

1 1

4.5. Algorithm for 4. The embedding (3.6) can be extended to paths
(4.4) embp : P(\, B) = P(), B)
wherel = 2\, B = ®"_,(B*")®", andB = ®"_, (B*')®L* whereL* = 2L* for
1<a<n Apathb=b,®---®0b; € P() B)is mapped t@mbp(b) = embp(by) ®
-+ ®embp(b).

An analogous embedding can be defined on rigged configusation

(4.5) embgrc : RC(\, B) — RC(), B)

whereembgrc(v®, J®) = 2(v*, J*®).



Theorem 4.4. For B a tensor product of crystals of the forBf:! with1 < a < n —2the
following diagram commutes:

RC(\, B) —22 P(\,B)

embRc l l embB

RC(A, B) —22 P(A, B).
The proof of this theorem will be given in a subsequent paper.

The definition ofd, is given in such a way that Theorem 4.4 also holds for the gpino
case. Let us define

§; : RC(\,B) = | JRC(A™*, B')
s

as follows. For(»*, J*) € RC()\, B) applyembgrc and then a sequence of points 1 and 2
of Theorem 4.1 to remove the last tensor factor. The claitasthis rigged configuration
is in the image obmbgc So that one can applbg/,. The result isi, (v®, J*).

Example 4.5. Let (v*,J*) € RC(\, B) with A = 2A; + A, andB = B! @ B! @
(BY1)®3 of typeDél) given by

2[[]J1 o[]]Jo o[[]Jo o[]Jo o[]]o
0[]0 0[]0
Thends(v®, J*) € RC(A~=, B') with A== = Ay + A andB’' = B*! @ (B11)®3 is

1[]]1 OHS 058 0[]Jo o[]o

The details are given in Table 1. The first entryisbgrc(v®, J*). The next entries are
obtained by acting witld o tj. Acting with embg(lj on the last rigged configuration yields
ds(v*, J*). Inthe last column of the table we recordeaf the algorithmd. Hence the step

in B! corresponding to this rigged configuratior2st31.

5. STATISTICS ON PATHS AND RIGGED CONFIGURATIONS

A statistic can be defined on both paths and rigged configunsitiin this section we
will define the intrinsic energy function on paths and cogdesstatistics on rigged config-
urations. The bijectio® preserves the statistics.

In Section 2.3 we defined the combinatod&imatrix R : By ® By — B; ® B ® B,.

In addition, there exists a functidif : B, ® B; — Z called the local energy function, that
is unique up to a global additive constant. It is constanf@omponents and satisfies for
all b, € By andb; € By with R(b2 ® by) = b ® b}

—1 if eg(b2) > po(b1) andeg(b}) > po(b5)
Heg(by ®b1)) = H(ba®b1) +q1  if eo(b2) < @o(b1) andeg(by) < o(bh)
0 otherwise.

We shall normalize the local energy function by the conditit(u(B;) ® u(B;)) = 0.

For a crystalB*! of type DS), the intrinsic energyD g1 : B¥! — 7 is defined as
follows. Letb € B*! which is in the classical componeBt(A_s;) (see (3.4)). Then
DBk,l(b) = J
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TABLE 1. An example fob,

On the tensor produ® = By ® - - - ® By of simple crystals there is an intrinsic energy
function definedDp : B — Z (see for example [18, Section 2.5])

L
(5.1) Dp = Z R 1 Ripo---Rj_1 + ZDBJ-W1R1R2 Ry
1<i<j<L =1

Here R; and H; denote the combinatoridt-matrix and local energy function acting on
thei-th and(i + 1)-th tensor factors, respectively; is the projection onto the rightmost
tensor factor.

Similarly, there is a statistic on the set of rigged configiores given byce(v®, J*) =
cc(v*) + 3, ; 17?| where| J(@9)| is the size of the partitiod () and

w1 L o
(5.2) cc(v®) = 2 Z Z (aq | ab)mln(,),k)mg- )mfcb).

a,beJ §,k>1
Let® = ®of wheref : RC(), B) — RC(), B) with 8(v*, J*) = (v*, .J*) is the function
which complements the riggings, meaning tiatis obtained from/® by complementing
all partitions.J(@% in themg") x pga) rectangle.

Conjecture 5.1. Let B = B**»' @ ---® B*-! be a crystal of typ®') and) a dominant
integral weight. The bijectio® : RC(A, B) — P(\, B) preserves the statistics, that is
cc(v®,J*) = D(®(v*,J*)) forall (v*,J*) € RC(\, B).

An immediate corollary of Theorem 4.1 and Conjecture 5.hésaquality
Z qP® = Z g,
beP(A,B) (v*,J*)eRC(A,B)
We expect to provide a proof of Conjecture 5.1 in a subsecpeguér.
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