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ABSTRACT. In this paper we consider the number of spanning trees in the complete graph
with circulant graphs deleted (added) from (to) it. By using the properties of Chebyshev
polynomials, we derive closed formulae for the number of spanning trees in many classes
of such graphs.

RisuME. Dans cet article, nous considérons le nombre d’arbres couvrants d’un graphe
complet auquel on ajoute ou on retranche des graphes circulants. En utilisant des pro-
priétés des polynoémes de Tchebicheff, nous obtenons des formules closes pour le nombre
d’arbres couvrants d’un grand nombre de classes de tels graphes.

1. INTRODUCTION

An undirected graph G is a pair (V, E), in which V is the vertex set and £ C V x V
is the edge set. In a graph, a (self-)loop is an edge joining a vertex to itself and multiple
edges are several edges joining the same two vertices. All graphs considered in this paper
are finite, and undirected with self-loops and multiple edges permitted.

The complete graph on n vertices, denoted by K,,, has one edge between each pair of
distinct vertices. Let S be a subset of the edge set of K,, (or S be a subgraph of K,,). We
denote by K, — S the graph remaining when all edges in S are removed from K,. If S is
a subgraph of K,,, K, — S is called the complement graph of S in K,, and also denoted
as S. For an edge set S, we denote by K, + S the graph K,, with all edges in S added to
it; if S is nonempty then K, + S is a graph containing some multiple edges. In Figure 1
we give examples of two graphs, one is the graph Kg — Cy which is the complete graph Kjg
with a cycle of 4 edges Cy4 deleted from it; another is the graph Kg + C4 which is Kg with
a cycle C4 added to it. In the graph Kg — Cjy, the dashed lines are edges deleted; in the
graph K¢ + C4, the dashed lines are edges added.

A spanning tree in a graph G is a tree which has the same vertex set with G. The
number of spanning trees in a graph (network) G is an important quantity to measure the
reliability of G [8]. For graph G, the number of spanning trees in G is denoted as T'(G).
The problem of calculating T (K, — S) has already been studied for many different types of
S. The initial work seems to have been by Weinberg [18] who gave formulae for T(K,, — S)
when all edges in .S are not adjacent or are adjacent at one vertex. Subsequently, in a series
of papers [1, 2, 3, 4], Bedrosian extended this to show how to calculate T'(K,, — S) when all
edges in S are not adjacent or adjacent at one vertex, or form a path, a cycle, a complete
graph, or are some combination of these configurations. Weinberg’s results have also been
generalized in [15]. Closed formulae also exist for the cases where S is a star [14], a complete
K-partite graph [16], a multi-star [13, 19], and so on. The number of spanning trees in
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1
FIGURE 1. Two examples of graphs.

the complement graph is investigated in [9, 11] when the graph with maximal number of
spanning trees is studied. The formulae for the number of spanning trees in the complement
graphs of a disjoint union of cycles or paths are given in generic forms in [9]. Not as much
is known about T'(K,, + S); Bedrosian [2] considered it for some simple configurations S,
i.e., all edges in S form a cycle, complete graph, or |S| is quite small but much more does
not seem to be known.

In this paper we describe how to calculate T(K, £+ S) where S is a circulant graph.

Let 1 < 81 < 89 < --- < 8. The undirected circulant graph, Cp**""*F has n vertices
labeled 0, 1, 2, ---, n — 1, with each vertex i (0 < i < n — 1) adjacent to 2k vertices
it sy, iE£sg, -+, i+ s, mod n. Note that as a special case, C} is simply the n node cycle.

More generally, if (n, s) = 1 then C; is the n node cycle while if (n, s) =d > 1 then C; is
the disjoint union of d cycles C’Tll Jd-

The number of spanning trees in circulant graphs has been well-studied (see [20] for
exposition). But, other than for the graphs K,, — S as mentioned above where S is a cycle
or a disjoint union of cycles, there does not seem to have been any other work about the
number of spanning trees in a complete graph with a circulant graph deleted (added) from
(to) it, especially, no closed formulae for the number of spanning trees in a complete graph
with a arbitrary circulant graphs deleted (added) from (to) it. This is the problem to be
considered in this paper.

In Section 2 we state some lemmas about T(G) and review some properties of Chebyshev
polynomials. In Section 3 we use these lemmas and properties to derive a series of formulae
for the numbers of spanning trees in the complete graphs with circulant graphs deleted
(added) from (to) them. Our approach is to first start by developing a new approach
to deriving a closed form for T'(K,, — C5,), where C% is a cycle or union of cycles (a
closed form for this was previously derived using different techniques in [9]). We then
continue by showing that it is easy to generalize this approach to getting a formula for
T(K, £+ Cpr® %), In the case that all of the s; < 4 we will actually be able to derive
a simple closed form function g(n,m;sy,s2, -+ ,s) = T(K, + Cp°*"%F) of n, m. We
conclude in Section 4 by describing extensions and limitations of our technique.

2. BASIC CONCEPTS AND LEMMAS

For graph G, we denote by A(G) or A the adjacency matrix of G = (V,E). If V =
{vi, va, --+, vp}, Ais the n x n matrix with a;; being the number of edges connecting
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v; and vj. The degree, d;, of vertex v; is Z;-Lzl a;j, the number of edges adjacent to v;.
Let B denote the diagonal matrix with {dy, da, ---, d,} as diagonal entries. The classic
result known as the Matriz Tree Theorem [12] states that, the Kirchhoff matrix H defined
as H = B — A has all its co-factors! equal to T(G). For example, the Kirchhoff matrix H
of the graph Kg — Cy shown in Figure 1 is

3 0 -1 -1 0 -1
o 3 -1 0 -1 -1
-1 -1 5 -1 -1 -1
-1 0 -1 3 0 -1 |’
O -1 -1 0 3 -1
-1 -1 -1 -1 -1 5

all its co-factors are 192 which is the number of spanning trees in Kg — Cy.

The number of spanning trees in graph G also can be calculated from the eigenvalues of
the Kirchhoff matrix H. All eigenvalues of a real symmetric matrix are real. Even more,
by basic knowledge of linear algebra, all eigenvalues of the Kirchhoff matrix H of a graph
with n nodes are non-negative, and 0 is one of its eigenvalues because all its row vectors
add up to 0 vector. So we can let 3 > ps > -+ > p,(= 0) denote all eigenvalues of H.
Kel’'mans and Chelnokov [11] have shown that

H:

n—1
(1) (@) = [Lu
j=1

In order to use this equation we will need to know the eigenvalues of the Kirchhoff
matrices of the appropriate graphs. This will require the following lemmas:

Lemma 1. (Biggs [5], Page 16) The Kirchhoff matriz of the circulant graph Cpt**""*** has
n eigenvalues as 2k — =519 — e — g7k Sl . g% 1< j<n—1and0, where eI
is the conjugate of €7, € = e

Lemma 2. ([11]) Let G be a graph with n vertices and G the complement graph of G in K,,.
If the Kirchhoff matriz of G has eigenvalues py, po, -+, pn—1 and 0, then the Kirchhoff
matriz of G has eigenvalues n — i, n — g, -+, N — fin—1 and 0.

Using basic multilinear algebra the following lemma can be proven in a way similar to
that of the proof of Lemma, 2.

Lemma 3. G is a graph with same vertex set as K,. If the Kirchhoff matriz of G has
eigenvalues p1, po, -+, pn—1 and 0, then the Kirchhoff matriz of K, + G has eigenvalues
n+p1, n+pa, 0, N4 pp—1 and Q.

Let Gy = (Vi, E1) and Go = (Va, E3) be two graphs with disjoint vertex sets. The
join G = G1 € Gy is defined as the graph with vertex set V' = V; U Vo and edge set
E =E UE,U{wlu € Vi, v € Va} [7]. (Please note that in this paper we use “@” to
denote the join graph instead of “+” as used in some other references. This is because
we are already using “4” to denote the graph that results by adding edges to some other
graph.) The following lemma describes the relation of the eigenvalues of the Kirchhoff
matrix of the join graph and the eigenvalues of Kirchhoff matrices of the original graphs.

Lemma 4. ([10, 11]) If the Kirchhoff matriz of graph Gy with n vertices has eigenvalues
A, A2, -+, Ap(= 0) and that of graph Go with m wvertices has eigenvalues i, pa, -+,

IThe (i,7)th cofactor of A is the determinant of the (n — 1) x (n — 1) matrix that results from deleting
the ith row and jth column from A.
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tm (= 0), then the Kirchhoff matriz of the join G1 @ Ga has eigenvalues m + n, A1 + m,

”;)‘n—l"i_mandul_'_n;"'7/~Lm—l+n70'
517,527, ,Sk S15,5825 ;7" ,Sk 817,482,507 ,Sk . .
Let Cppf 7t L COpd 2 2 Oyt ! be a collection of circulant graphs, and

U 051"’52“" “ku he their disjoint union. For each u, 1 < u < I, suppose m, > 2sy,, and

let 051“’52“’ %R he the complement graph of Cp”****** in K,, . Note that, for any n,
nz Zu:l My,
1
K o U Cslua32u7 Sk

u=1

- <K PON ) @ <Km1 - 0511’521" Skl) @ @ ( _ 511,32“. Skl)
n=3"4_ ma
- ( n— Zu 1mu> @ 811’521’. »Skq @ @ 511,521, .S

So, by Lemma 1, Lemma 2, Lemma 4 and (1), we have the following result.

Corollary 1. Forn > 22:1 m,, and for each u, 1 <u <, m, > 2s,,

l
T(K, — U Ctusaur Sku)

I my—1
= 0" Tuma Mt 2 TT T (0 2k + e ™ 4o ™ o eld o i),
u=1 j5=1

27i

where €, = emu | for each u, 1 < u <.

In a similar fashion, the following corollary can be derived from Lemma 1, Lemma 3,
Lemma 4 and (1):
Corollary 2. Forn > 22:1 My,

l
T(K, + U Ctusaussku)

u=1
mu_]. . . .
— e a2 H H (n + 2k, —Slu gy ) o gted gy,
u=1 j=1

2mi
where €, = emu | for each u, 1 < u <.

In order to evaluate these products we will show how to transform them into functions of
Chebyshev polynomials; to do this we will need some special properties of these polynomials
[6, 17]. The properties, listed below, are taken from [6] which used them to derive the
number of spanning trees of some special classes of graphs, e.g., wheels, fans, ladders,
Moebius ladders, squares of cycles and complete prisms.

The properties of the Chebyshev polynomials [6, 17] are used also in this paper. The
following definitions and derivations are from [6]. For positive integer m, the Chebyshev
polynomials of the first kind are defined by

(2) T () = cos(m arccos x).
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The Chebyshev polynomials of the second kind are defined by

1d sin(m arccos z)
@) U () = -, () — S arecos o)

sin(arccos z)

It’s easily verified that
(4) Un(z) — 22Up—1(x) + Up—2(x) = 0.
Solving this recursion by using standard methods, the following explicit formula is obtained

(5) Upn () = 2\/%[(:5 VD (o Ty,

The definition of U,,(x) easily yields its zeros and it’s verified that

m—1

(6) Upn—1(z) =21 H [x — cos(jm/m)].
j=1

Further one notes that

(7) Un-1(=2) = (=1)" " Up,1(2).

These two results yield another formula for Uy, (z)

(8) Uz, H 22 — cos?(jm/m)].

3. RESuLTS

We are now ready to derive the main result of this paper, a way to calculate T'(K,, &+ S)
when S is a circulant graph. We start by assuming that S = C},. As previously noted, if
(m, s) = 1 this is just the m-cycle and if (m, s) = d > 1 this is the disjoint union of d cycles,
each of length m/d.

Before proceeding we note that Gilbert and Myrvold [9] already gave a formula for the
number of spanning trees in the graph K, — S where S is the disjoint union of cycles. The
following theorem can actually be derived from Gilbert and Myrvold’s formula. The proof
here is new, though; we derive it since it provides a ‘pure’ way of illustrating the techniques
we will use later.

Theorem 5. For n >m > 2s, if (m, s) =d, then

() (V)

m/d 2d
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Proof. Let &1 = e"m . If (m, s) = d, then C%, is the disjoint union of d cycles C1 1 So,
by Corollary 1, we have

d
T(K,—C3) = T(K,-|JC)

where we are using the fact that 1 4 cos
Applying the formulas (8) and then (

S nt—m m_ -n+4
T(K,—C:) = +d— QH[ 1U% 1< I )

e ()T ()T

As a first consequence of Theorem 5 we can easily derive:

s(2x) = 2cos? .
) yields the required

Corollary 3.

T(K,—C}) = n"*(n-3)2 n>3;

T(K,—C}) = n"(n—2)>%n—4), n>4
T(K,—C3) = n"%n?-5n+5)% n>5
T(K,—Cd) = n" "(n—1)%n—-3)%*(n—4), n>6;
T(K,—C2 = n"%n-3"* n>6.

The first four formulae of the above corollary already appear in [4] where they are given in
generic forms and derived from Kel’mans and Chelnokov’s result (1) by direct computation.

The proof above illustrates our general tools. We now see how to apply them when
looking at the complement of a more complicated circulant graph.

Theorem 6. Forn >m > 4,
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Proof. We use a very similar technique to the proof of Theorem 5. In this prooflet e; = em |
and x1, xo be defined as above. Then

m—1
T(K,—CY) = n" [ (n—d+e’ +e7% +e] +7)
j=1
m—1
= prmol H (n — 4 — 12 cos®(jm/m) + 16 cos* (jm/m))
j=1
m—1
Lt T (0 — cos? (i /m)) (23 — cos?(jm/m)
j=1

= "R (21)U, 4 (w2).

The closed formula in the theorem statement follows from (8) and then (5).

As an application, Theorem 6 can directly implies the following formulae.

Corollary 4.

T(K, — C’é’z) = n"S(n— 5)4, n > 5;
T(K,—Cg®) = n"(n—06)%(n—4)3 n>6;
T(K, — C’%’2) = n"8(n3 — 14n* + 63n — 91)%, n > T.

We now examine the complement of a slightly more complicated circulant graph.

Theorem 7. For n > m > 8, if m is odd, then
T(K, — CiY) = T(K, - C12);

Otherwise, if m is even, then

where x1 and xo are as defined in Theorem 6.

Proof. 1f m is odd then C%4 s isomorphic to 12 so the result of Theorem 6 applies. If m
is even C%* is the disjoint union of 2 circulant graphs CrlriQ. The proof in this case is just

47

to combine Corollary 1 and the proof of Theorem 6. When m is even then let g0 = e™m |
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we have

T(K,-Cy') = T(K,—C,7JC7)

SIE
)

-1
(n—4+ey? +e5% +&)+e5)

Il

3

7
3
=

|3

-1
= pvm (n— 4 12cos*(2jm/m) + 16 cos* (2jm/m))

<.
Il
—

2

= (16270 H — cos?(2jm/m))((z3 — cos®(2jm/m))

= n"" mUm 1(331)U%—1($2)-

Corollary 5.
T(K,—CeY) = n" % —6)2(n® — 12n% + 450 — 51), n > 9;
T(K,— CHY = n"Omn 58 n>10;
T(K,—CHY = n"2(n® —22n* + 1870 — 759n% + 1441n — 979)%, n > 11.

We now discuss the general technique for calculating T(K, — Cy,’*""*°*) when
ged(sy, s2,+ -+, Sk, m) = 1 (the case ged(sy, S92, , Sk, m) # 1 can then be dealt with simi-
larly to the case “m is even” in the proof of Theorem 7). In the following paragraphs let

€= e%, then from Corollary 1,
T(K, — C51527 %)
m—1
=0 (= 2k e f e e e e 5 g e
j=1

m—1
=pnm-l H (n — 2k 4+ 2cos(2s1m/m) + 2 cos(2sam/m) + - - - + 2 cos(2spm/m)).
j=1
It is easy to prove by induction that cos(kz) can be expressed as a polynomial in cos z
of order k. Using this fact, for any integer s, cos(2sjm/m) can be written as a polynomial
in cos?(jm/m) of order s. So,

m—1
T(Ky — Cpts7 %) = n" " T (n — 2k + g(cos®(jm/m))),
j=1

where g(z) is a polynomial of order sg. Thus,

m—1
T(Kn _ CZ%yS%"',Sk) _ nnfmfl H f(COS2(7Tj/m)),
j=1

where f(x) is a polynomial with degree s; and the constant term is a linear function of n.
Even more, by explicit calculation we can see that the coefficient of z°¢ in f(z) is 4°%. We
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can therefore write
Sk

fla) = (~4* [ [ (@i — cos*(xj/m)),

i=1
where x1, 9, - - -, z) are zeros of f(z). Then, combining formula (8) with last two equations
we have
T(Kn o Csl,sg,---,sk) _ ( 5knn m—1 H
m
From this equation the exact formula for T(K, — 051’52’ 7%k can be derived from the

properties of Chebyshev polynomials.

In the special cases s < 4, the polynomial f(z) can be explicitly factored and an exact
formula for the number of spanning trees in K,, — Cpi*""* as a function of n, m can
therefore be derived. We have done this and the details are included in the full paper; in
this extended abstract we omit these formulae.

From Corollary 2 and the properties of Chebyshev polynomials, we also can derive the fol-
lowing closed formulae for the numbers of spanning trees in complete graphs with circulant
graphs added. As before we start by adding C,.

Theorem 8. Forn > m, if (m, s) =d, then

m/ m/d 2d
S n—m-—2 n+4 L n+4 /

Proof. 1t’s similar to the proof of Theorem 5. By Corollary 2, we have

T(K,+C5) = T(K.+ |

d
Crn
-1
d Gl o
= pnomtd=2 H H (n+2—¢e]? —¢))
u=1 j=1
d 71
= pnmtd2 H (n+2—2cos(2djm/m))
u=1 j=1

U

m_
o n-m+td—2 m ] n+4 2 -
= n 47d H 1 cos (djm/m)
“1 j=1

(5
e (Eatb I (E D

This then immediately gives us, for example,

By using the formulae (8) and then (5

Y

d
T(Kn_’_czz) _ nm+d 2H

myd7 24

=S
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Corollary 6.

T(K,+C}) = n"3(n+4), n>2;
T(K,+C3) = n"*n+3)?2 n>3;
T(K,+Ci) = n" P (n+4)(n+2)? n>4
T(K,+C?) = n"Yn+4)?2 n>4
T(K,+C3) = n"%mn?+5n+5)% n>5.

We can also derive results for generdl K, + Cp°®7 % that are analogous to the ones
previously derived for K,, — Cpi***""*F. Since the proofs are so similar, we omit them.

Theorem 9. For n > m,

vty = (o T (- )T
(oo ) ()T

whereaslz\/g + £V25 +4dn, x5 = \/%—%\/ T 4n.

Corollary 7.

T(Kn+C3?) = n"*(n+6)2, n>3;

T(Kn+Cy%) = n"?(n44)(n+6)% n>4
T(K,+Cs?) = n"%n+5)2 n>5;

T(K, +Cg?) n" T (n+6)(n+4)3, n>6;
T(Kn+Cr?) = n" 80’ +14n% + 63n +91)2, n > 7.

Theorem 10. For n > m, if m is odd, then
T(Kn + 07%4) =T(K, + 05%2)3

Otherwise m is even, then

where x1 and xo are defined as in Theorem 9.

Corollary 8.

T(K,+C3 = n"S(n+6)% n>6;

T(K,+C3) = n" 80+ 14n% + 63n+91)%, n > T7;
T(K,+C3") = n" *(n+4>(n+6)", n>8;

T(K,+C3Y) = n"0n+6)2(n 4 12n% + 45n 4 51)%, n > 9.
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4. CONCLUSION

In this paper we discussed how to use properties of Chebyshev polynomials to derive
closed formulae for the number of spanning trees in K,, & S where S = C;1°%"% is a
circulant graph. Our key step was to factorize a polynomial of order s; and then express
the number of spanning trees in terms of Chebyshev polynomials evaluated at functions of
the roots of the polynomial. In particular, when s; < 4, we could explicitly factorize the
polynomial and derive a“closed” form for the number of spanning trees.

One last thing that we should point it is that, in all the formulae we derived, we assumed
that s1 < sg < --- < sg. This was just for the sake of convenience, though, and was not
necessary for our proofs. The technique still works for reapeated s; values, e.g., we could
use it to evaluate T(K, + Cp') (m < n) where Cpi' is the doubly-linked cycle.
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