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4. GENERALIZATION TO NONCOMPLEMENTARY INDEX SETS
A more general inequality than (3.8) has the form
(4.1) ArprAg g <AjpAr .

That is, the pairs (I, K), etc. need not be complements. However, any such inequality which
holds for all totally nonnegative matrices can be deduced from Theorem 3.2 or equivalently
from Corollary 3.4. We will give a combinatorial proof of this fact using the families of
graphs introduced in Section 2.

Let p and p’ be the cardinalities of U K and I'UK’, and let ¢ and ¢’ be the cardinalities
of INK and I' N K'. Necessarily, p+q = p' + ¢ = |I| + |K|. Applying Observation 1.3,
we may interpret the product of minors A; Ak g+ of any totally nonnegative matrix to
be the weighted sum of path families 7 = (71, ..., Tp44) in a planar network which connect
sources indexed by I (K) to sinks indexed by I’ (K') and in which all S; to T paths (Sk to
Ty paths) are vertex-disjoint. We will say that such a path family obeys the (I,1I', K, K")
crossing rule. The following neccessary condition for eight sets to satisfy (4.1) for all totally
nonnegative matrices was first stated in [3, Prop 2.2].

Observation 4.1. Let I,I',J,J . K,K', L, L’ be subsets of [m]. Unless [UK and JUL are
equal as multisets, and I' UK’ and J' U L' are equal as multisets, the products Aj p Ak g
and Ay Ap 1 are incomparable as functions on totally nonnegative matrices.

Proof. Suppose i is an index which appears with greater multiplicity in /UK than in JUL,
and let G be any planar network of order m in which the unique edge leaving source s; has
weight c. If ¢ is large enough, then the weighted path matrix of G satisfies

ArpAg g > A5 pAr .

On the other hand, if ¢ is close enough to zero, we have the opposite strict inequality.
Similarly, if I’ U K’ and J' U L’ are not equal as multisets, then the products are again
incomparable. U

Without loss of generality, we shall assume that the sets I U K and I’ U K’/ are equal
to [p] and [p'], respectively. Otherwise we can delete appropriate matrix rows and columns
to make this true. Necessary and sufficient conditions for eight sets to satisfy (4.1) are
analogous to the inequalities (3.3) and (3.7). The appropriate choices of I”,.J”, and n are
as follows. Let n be the number %(p —q+p' —q'), let n be the unique order preserving map

n:(INK)U(KNT) = [p—dl,
and let 77 be the unique order reversing map
n(I'~K)YUK' \I')—[p—q+1,2n].
Define the subsets I” and J” of [2n] by
I"=np(I~NK)un(K'\T),
J'=n(J~L)un (L'~ J).

Theorem 4.2. Let I,1',J,J',K,K',L, L’ be subsets of [m], and define p, p', q, ¢, n, n,
0, I", and J", as above. Then the following statements are equivalent.
(1) In each totally nonnegative matriz of size at least m x m, the minors Arp, Ay g,
A k', A, satisfy

ArprAg g <AjpAr .
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(2) The multisets UK and JU L are equal, the multisets I' UK' and J'UL' are equal,
and the sets I",.J" satisfy

max{|BNI"|,|B~I"|} > max{|BNJ"|,|B~J"|}
for each even subinterval B of [2n].

Proof. (2 = 1) Suppose (1) is false. Then there exists a planar network in which more path
families obey the (I, I’K, K') crossing rule than obey the (J,J', L, L") crossing rule. This
network contains a subnetwork G which is a union of (p 4+ ¢q) paths from p sources to p’
sinks with the property that more path families 7 = (71, ..., 7p44) which cover G obey the
(I,I', K, K') crossing rule than obey the (J,J', L, L") crossing rule.

Applying the procedure defining ¢ to G, we obtain a graph in which exactly n connected
components are paths whose endpoints belong to the 2n-element set

Sr ok USk g UTr xr UTgr .

By the discussion following Corollary 2.2, these n paths define a perfect matching of S(7 x)U
T(K/\]/) with S(K\[) U T(]/\K/), which is not a perfect matching of S(J\L) U T(L’\J’) with
S(z~gy YTy ). Let H be the graph in G3(2n) realizing this matching, in which vertex i
(1 <i < p—q) corresponds to the source in S;_x U Sk with the ith smallest index and
vertex j (p—q < j <p—q+p —q’) corresponds to the sink in T} g+ U T ;» with the jth
greatest index. Let B = [b1, bo] be a minimal interval of [2n] such that (b1, b2) is an edge of
H and by, by both belong to J” or both belong to J”. Then we have

(4.2) max{|BNI"|,|B~\I"|} <max{|BnJ"|,|B ~ J"|}.

(1 = 2) Let B = [by, ba] be a minimal subinterval of [2n] which satisfies (4.2), and let j;
and jo be the preimages of these numbers with respect to the maps 1 and/or 7. Create a
graph H = (V, E) as follows.

(1) Place 2p + 2q vertices on a horizontal line.
(2) Define six sets of symbols

S={s;jlie INK)U(K\I)},
U={u;|te (INK)},
U'={ujlie (INK)},

T={icI'~K)U(K I},
V={v|lie("nK"},
V' ={l]ie ('K}

(3) Label the leftmost p + ¢ vertices by the p + ¢ symbols S U U U U’, in order of
nondecreasing indices. Label the rightmost p + ¢ vertices by the p + ¢ symbols
T UV UV’ in order of nonincreasing indices.

(4) Connect each of the g + ¢’ pairs of the form (u;, u}) or (v;,v}) by ¢+ ¢’ noncrossing
arcs.

(5) Connect the bist (from the left) singleton to the band (from the left) singleton by
an arc.

(6) Draw p + g — 1 more arcs above the vertices to complete a noncrossing perfect
matching of St x U Tk with Sg U T k.

The arc drawn in step (5) prevents H from inducing a perfect matching of Sy.p U T
with Sy UTy . Now consider the planar network G which is obtained from H by
creating p(H) and then identifying all pairs of vertices of the form (u;, u}) or (v, v]). There
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are no path families in G which obey the (J,.J', L, L") crossing rule, but there are some
which obey the (I,I’, K, K') crossing rule. This contradicts (1). O

Example 4.1. Consider the two products of minors

Af1236),{1,2452(3.4),{25}s  D(1,3,6).{1,2,50D(2,3.4},{2,4,5) -

We claim that these products are incomparable. To see this, let the map n : {1,2,4,6} —
{1,2,3,4} preserve order, and let the map 7' : {1,4} — {5,6} reverse order. Then define

1" = {n(1),n(2),n(6)} U D = {1,2,4},
J" = {n(1),n(6)} U{n'(4)} = {1,4,5}.
Since the sets I, .J” satisfy
max{|[4,5] U I"|,|[4,5] ~ I"|} < max{|[4,5] U J"|,|[4,5] ~ J"|},
max{|[5,6] U I"|,|[5,6] ~ I"|} > max{|[5,6] U J"|,|[5,6] ~ J"|},

the products of minors are incomparable.

5. OPEN PROBLEMS

Note that the results of this paper reduce the problem of comparing minors in totally non-
negative matrices to the problem of counting unweighted path families in planar networks.
This is curious, since Theorem 1.2 does not guarantee that for every totally nonnegative
integer matrix A, there exists a planar network G such that A counts unweighted paths in
G. This suggests the following open problem.

Problem 5.1. Characterize the totally nonnegative integer matrices A = [a;;] for which
there exists a planar network G such that each entry a;; counts unweighted paths in G' from
source s; to sink ¢;.

Other possibilities for extending the present work are the following.

Problem 5.2. Let P(n) be the poset whose elements are set partitions of [2n] into two
blocks of size n, ordered by I-I < P(n) J -J whenever the inequality

AV Ay & AN PAS
holds for all totally nonnegative matrices. Find a simple description for P(n).

Problem 5.3. Characterize the inequalities in products of £ minors which are satisfied by
all totally nonnegative matrices, for k > 2.
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