SKEW OSCILLATING SEMI-STANDARD TABLEAUX
(EXTENDED ABSTRACT)

SEUL HEE CHOI

ABSTRACT. We introduce an analogue of the Robinson-Schensted correspondence for skew
oscillating semi-standard tableaux which generalize the correspondence for skew oscillating
tableaux. We give the geometric construction for skew oscillating semi-standard tableaux
and examine its combinatorial properties.

RESUME. Nous introduisons une construction analogue de la correspondance de Robinson-
Schensted pour les tableaux semi-standards oscillants gauches qui généralise la correspon-
dance pour les tableaux oscillants gauches. Nous donnons la construction géométrique
pour les tableaux semi-standards oscillants gauches et exeminons ses propriétés combina-
toires.

1. INTRODUCTION

The Robinson-Schensted correspondence between permutations and pairs of standards
tableaux of the same shape is introduced by Robinson ([6]) and it is given by Schensted
([10]) a little different form. After generalization by Knuth ([5]) to generalized permuta-
tions and pairs of semi-standards tableaux, various analogues of the Robinson-Schensted
correspondence have been produced on different kinds of tableaux ([8],[13],[3],[9]).

More recently, Dulucq and Sagan ([4]) have given the Robinson-Schensted correspondence
for oscillating tableaux and skew oscillating tableaux.

In this article, we extended the properties and constructions of analogue of Robinson-
Schensted correspondence in [4] to skew oscillating semi-standard tableaux. In sections 2,
we give basic definitions of generalised biwords and skew oscillating semi-standard tableaux.
An algorithm of Robinson-Schensted for skew oscillating semi-standard tableaux is given
in section 3, which is an extension of the algorithm of Robinson-Schensted correspondence
for skew oscillating standard tableaux given in [4]. Then we give a geometric construction
of a generalized biword due to Viennot, Chauve and Dulucq ([1],[8],[13]).

2. DEFINITION AND NOTATIONS

Let A = (A1, .., Ak), A1 < ... < Ak, be a partition of n such that Zle Ai = n. The
partition A can be displayed a Ferrers diagram with the part A; in the row 7. If u C A
then the corresponding skew shape A\/u is the set {c|c € X\,¢ &€ p}. If |\/p| = n then we
write A/ n and say that A\/u is a skew partition of n. A skew semi-standard tableau
S of shape A/ is a labeling of the cells of \/p with positive integers so that the rows are
strictly increasing and the columns are weakly increasing. (), denotes the empty tableaux
of the shape a (or a skew tableau of the shape a/a). T(A/u) denotes the set of skew
semi-standard tableaux of shape \/pu.

S(i, j) denotes the label of the cell in the i** row and j** column of a skew semi-standard
tableau S so that k € S means k = S(i, j) for some 4,5. T(\/p) denotes the set of tableaux
of shape A/p with rows strictly decreasing and columns weakly decreasing. For example,
when A\ = (5,4,3,1) p = (2,2), the two following tableaux belong to T'(A\/u) and T'(\/u)
respectively.
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1 1

11316 51413
215 613
213151 71312

Four kinds of insertions and deletions in a skew semi-stanaard tableau ([1],[4]) are defined
below. Let S be a skew semi-standard tableau of shape \/p.

1. The external insertion inserts an integer x in S by using the Knuth-Robinson-
Schensted algorithm([2],[5]). We denote the new tableau obtained after this insertion by
ExtI(S,x). The inverse process is called external deletion, denoted by ExtD(S,x), which
ends with the expulsion of an integer out of S.

2. The internal insertion occurs only in a cell (u,v) of S such that (u,
it belongs to one of three cases: (i) (v — 1,v) € p and (u,v — 1) € pu, (ii)
(u—1,v) € p, (i) v =1 and (u,v — 1) € p.

The internal insertion of the cell (u,v) inserts the integer = contained in S(u,v) from
the row u + 1 using the external insertion algorithm. We denote the new tableau by
IntI(S,(u,v)). The external deletion is called internal deletion if it ends in filling a cell of
w. IntD(S, (u,v)) denotes the internal deletion.

3. The empty insertion adds an empty cell (u,v) in S such that (u,v) € A, satisfying
(i)(w — 1,v) € pand (u,v —1) € p, (ihu =1, (u,v —1) € por (iii)v =1, (u—1,v) € p.
EmpI(S, (u,v)) denotes the new tableau obtained after this insertion and the inverse process
is called empty deletion, denoted by EmpD(S, (u,v)).

4. A cell can simply be attached or erased using neither the insertion algorithms nor the
deletion algorithms.

v) € p and
v = 1 and

Example 2.1. -
2
P= 214
317]
2 2
ExtI(P,6) = 2147 ExtD(P,3) = 2
316 417]
2 [ ]
- 4 4
IntI(P,(2,2)) = IntD(P,(3,2)) = 2
(P,(2,2) i (P,(3,2)) ST
2 2
Empl(P,(5,1)) = 214 EmpD(P,(4,1)) = 24
pl(P,(5,1)) i pD(P,(4,1)) e
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A skew oscillating semi-standard tableau of length n is a sequence of semi-standard
tableaux P = (Py, P, ..., P,) where Py is obtained from Py 1 by an insertion or a deletion
of a cell.

On(a/y — [/p) denotes the set of skew oscillating tableaux P = (Py, P, ..., P,) of length
n satisfying the following conditions:

(1) the shape of Py is o/, and the shape of P, is 3/pu,

(2) Py is obtained from P,_; by attaching a cell with a label (this is not by the insertion
algorithms) or a deletion of a cell by external deletion, internal deletion or empty deletion.

(3) if x4, x,...,xp are inserted respectively in P;, Pj,..., Py, i < j < ... < m, then
T x5 < oo < Ty

For example, if a« = (2,2), v = (2), 8 = (3,1,1) and g = (1) then the following tableau
belongs to ©5(a/y — B/u). 1 is inserted in Py, 4 in Py and 5 in Ps.

1] [1] 1]
12 1

—]

12

H
[ FI7]

2] 4] 415]

For a P € O,(a/y — B/un), we define a set of nondecreasing sequences of positive
integers I(P) = UjENIjv where Ij = {j07j17j23“'7jn}7 jO =0< jl <. < jn and Jk =T
if P, = Py—1 + (u,v) with Py(u,v) = o for 1 < k < n. An I; of the example above is
{0,1, j2,73,4,5}, where ja, j3 are positive integers.

A skew oscillating semi-standard tableau of © (@i — A/u) having only insertion steps, is
a skew semi-standard tableau of shape A/u, the label of a cell being given by its creation.

A generalized biword 7 of size 2n is a sequence of vertical pairs of positive integers
T = ( R ) e up > Uy > > U, u; > v for i =1,...,k, and v; > vy if

V1 V2 ... Up

u; = uj. 7 denotes the

top row of 7w and 7 its bottom row.

G B denotes the set of generalized biwords. The size of 7 is 2x the number of pairs of
(ZZ’), or |m| = 2n. GBay, denotes the set of generalized biwords of size 2n.

3. GENERALIZED BIWORDS AND SKEW OSCILLATING SEMI-STANDARD TABLEAUX

We give a description of an algorithm to examine the relation between skew oscillating
semi-standard tableaux and the triples (S,U,7) € U canglT(8/1) x T(o/p)] x GB.

Algorithm OSCIL -
(a)The input is (S,U,7) € Uycang[T(8/1) x T(a/ )] x GB,

(b) The output is (P, I) where P € ©,, (0, — 3/u), and I = {ig = 0,141,19,...,in } € I[(P),
i.e., I satisfies the following conditions :

(1) 41, ..., i, being a nondecreasing sequence of positive integers,

(2) if we obtain Py from Pj_; by attaching a cell (u,v) with label a, that is, P, =
Py 1 + (u,v), with Pg(u,v) = a, then i, = a.
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We construct a sequence of nonnegative integers I = {ig, 1,12, ...,i,} as follows : let

io = 0 and iy, ..., i, be the rearranged elements of S, U, # and 7 in nondecreasing order.
We have n = |S| + |U| + |x].

Let P, = S.

For k fromn to 1 :

(a) if there is a cell Py(u,v) = ik, then erase this cell to obtain Py_1,

(b) else if the pair (ig,x) belongs to m, then Py_y = Fxtl(Py, ),

(c)else if U(u,v) =i and Py(u,v) exists (with label x), then Py_1 = IntI(Py, (u,v)),
(d) else Py_y = EmpI(Py, (u,v)).

The tableaux Py have respective shapes A\;/ux. P = (FPo,..., Pp) and I = {ip, i1, ...}

satisfy that ix = a when Py = Py_1 + (u,v), with Py(u,v) =a, so I € I(P).

Algorithm OSCIL!.
(a) The input is (P,I) where P € ©,(0, — 3/u) with p C anpg and I € I(P).
(b) The output is a triple (S,U,n) € UycanglT(B/1) x T(a/p)] x GB.

Let 7 =0, and Uy = P,.

For k from 1 to n:

(a)if P, = Py—1 + (u,v), then U; = U;_1,

(b) else (P, = Py_1 — (u,v)), we have three cases :

(b1) if the deletion is external (z ejected out of P, 1), then add the pair (ix,z) to m,

Up = Ug_1,

(bg) else if it is internal (the cell Py_;(u,v) with label x is erased), then label the cell

Ui—1(u,v) with ij to obtain Uy,

(b3) else label the cell Ug_1(u,v) with iy to obtain Uy.
Finally, we obtain S = P,, U =U, and 71 € GB

Example 3.1.
k = 0 1 2 3 4 5 6 7
i = 0 1 1 2 2 3 5 6
[ ] b | 5]

P, = 1] 2] 2] [ 2] 2] |
2 312 312 312

U =

Tk

- e (D)D) ) ) )¢

Theorem 1. Let a, 3 be fized partitions. There is a bijection ® from triples (S,U, ) of
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UncarsT(B/1) x T(a/w)] x GB to (P,I) with a skew oscillating semi-standard tableau
P of ©,(0q — B/p), n=|S|+|U| + |7| and I = {io,i1,i2,...,7n} € I(P)

Proof: For a triple (S,U,m) € UucanglT(B3/1)T(a/p) x GB], we obtain directly a
nondecreasing sequence I = {ig,i1,12, ..., in } with ig = 0 and {i1, 9, ..., i, } rearranging the
elements of S, U, © and #. A skew oscillating semi-standard tableaux P € ©,, results by
applying the algorithm OSCIL.

To give the inverse operation, we construct a nondecreasing sequence I = {ig, i1, i9, ...,

in} from P € ©,(0, — 3/un) as follows : (1) ig =0 (2) if P, = Px_1+ (u,v), with Pg(u,v) =
x then iy = x, else iy, is a positive integer satisfying ix_1 < iy < ixy1,s0 I € I(P). Next, we
construct a sequence (So, Uy, m0) = (Po, Po, ), (S1,U1,m1), vy (Sn, Up, m) = (S, U, 7) from
P and I(P) by applying the algorithm OSCTL™!. The algorithm OSCIL™! corresponds
exactly to the inverse construction of the cell produced by the algorithm OSCIL. So
(S,U, ) is in bijection with (P, ). Example 3.2 shows the application of the algorithm
OSCIL and OSCIL™. &

Remark 3.2 1f the skew oscillating semi-standard tableaux P € ©,,(0, — (3/«) has only
insertion steps, the bijection ® is ®~1 (P, I) = (P,, ., )

n(B/p — a/v) denotes the set of skew oscillating tableaux of length n, @ = (Qo, Q1, ...,

€]
Qn), satisfying the following conditions:

(1) the shape of Qg is 3/u, and the shape of @Q,, is a/~,

(2) Qy is obtained from Q_1 by erasing of a labelled cell ( not by deletion algorithms)
or an insertion of a cell by external insertion, internal insertion or empty insertion.

(3) if =i, ;. ...,y are deleted respectively from Q;,Qj,...Qm, ¢ < j < ... < m, then
Ti 2 Xj 2> e 2 Ty

_ Weknow that P = (FPy, Py, ..., P,) € On(a/y — /) if and only if P= (P, Py_1,...,P) €
On(B/p1 — a/7)-

We define a set of nonincreasing sequences of positive integers 1(Q) = Uje NTJ-,
IJ :_{jl'/_j% ...,jn}_fOI‘ Q € (_)n(ﬁ/:u - O[//Y) as follows:

D) j1>Ja> >4, 3

(2) if Qg1 = Qk — (u,v) with Q(u,v) =z, then j, = .

Theorem 2. Let w be a generalized biword of size 2n and « be an empty partition (of
shape o). There is a bijection ®rs from pairs (Do, m) to {(P,11),(Q,12))} of Us[{O, 0y —

Bla) x I(P)}, x{On (0o — B/a) x 1(Q)}].

Proof: According to the previous theorem, we obtain (Py = 0y, ..., Pp..., Pan, = 04)

with I = {’io, il, ...in, ey ign}, and the result (P, Il) = (Po, Pl, veey Pn(Of shapeﬂ/a), {’io, il, veey ’Ln})
with I; € I(P), and (Q, I2) = (Payn, Pop—_1, -.-, Py (of shapeB/a), {ian, i9(n—1)» -+ in}). There-
fore Q € ©,,(0, — B/a) and I € I(Q) ¢

Taking an empty initial and final semi-standard tableaux in the theorem 1 and 2, we have
an analog of Robinson-Schensted correspondence for oscillating semi-standard tableaux, as
stated in the following results.
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Corollaire 1. Let 3 be fized partitions and n a fived integer. There is a bijection @y from
pairs (S,m) of T(B) x GB such that n = |S|+ |x| to pairs (P,I) with P of ©,(0 — () and
Ie€I(P).

Corollaire 2. Let n be a fized integer. There is a bijection ®gs, from generalized biwords

m of GBay to pairs {(P, 1),(Q,I2)} of Us[(On(D — B) x I(P)) x (On(0 — B)] x 1(Q)].

4. GEOMETRIC DESCRIPTION OF A GENERALIZED BIWORD

In this section, we represent a geometric description of a generalized biword in the the
first quadrant of the Cartesian plane by applying the geometric construction of Viennot in
[1] and [13] for standard tableaux. We obtain an oscillating semi-standard tableau from the
geometric description of

a generalized biword.

First, we present a method to standardize a generalized biword. Let N be a set of
uy U ... Up

we propose a
V1 U2 ... vn>’ prop

positive integers. For a given generalized biword m = (

new alphabet NU {j® : j h € N} such that

<j<iWei@ e <jitl1<i+1W<jt1® <
If uj =ujp1 = ... = Ujpm = Viy = Vig = ... = Vj,, 11 < iz < ... <1y, in 7 then we translate
(1) (m+k—1)
Uiy, — Uj,y Vi — uj g eeey Uj — uj .
For example,

55 4 3 3 3 50 5 40 3@ 31 3
T™\4 92192921 )77 4 2@ 1) o) 9o 1

The translation from 7 to 7 is bijective and is called standardization of 7. It is denoted
by 7 = ¢(mw). We know that 7 has the properties of the generalized biword on the new
alphabet N U {j(" : j,h € N}.

Then, we represent 7 = ¢(m) in the place of 7 in the part {0,1,2,...,n} x {0,1,...,n} of
the Cartesian plane as follows:

e Define a map U : abscissas z (x = 0,1,2,...,n) — { the greatest element of 7+1}U7
with

the greatest element of 7 +1 if x =0
V() =

z" greatest element of 7 else

e Define a map I' : abscissas y (y =0,1,2,...,n) — {0} U7 with

H@—{O ify=0

y'" lowest element of 7 else
e We define valid domain as the set of points (z,y) such that ¥(z) > I'(y).
e For cach pair (uy,vy) of 7, we set up the point (¥ =1 (u), I~ (v;)) which is in the
valid domain.
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Example 4.1. For a generalized biword 7 of GB14 we obtain 7 = ¢(m) by the standard-
ization of 7 :

_ (10998 753\ __ (109 987 50 30
= 6 36 4 2 1 TTUs5 60 36 4 2 1)

Here we give the representation of 7. The dashed line describes the limit of valid domain,
which is slightly extended on the figure for readability.

I'(y) vy

6(1)7——‘—7\——-—————‘

6 6 S :

5 5 5 L_T

4 4 S :

3 3 S L_T
2 2 N
11
0 0 |

0 1 2 3 4 5 6 7 =
11 10 9Wg9 g8 7 5030 W)

Description of 7 = ()

Figure 4.1

From the Figure 4.1, we construct an oscillating semi-standard tableaux
T={Ty=0,T1,Ts, ..., T, = 0} as follows:
(a) let A = {U(x;)}iz1.n and B = {TU'(yi) }i=0.n- I = {i0,....,432,} describes A and B

lined up in nondecreasing order.

(b) For k from 2n to 1:

if i, € A and (U 1(ig),y) is SW-corner of a Shadow line, then Ty_1 = ExtI (T}, ['(y)).

else if i, € B and (z,1'"!(i)) is SW-corner of a Shadow line, then T}, 1 = T — (u,v)
with T (u,v) = ig.

Figure 4.2 is the skew oscillating semi-standard tableaux corresponding to 7 in Example
4.1. If (0,0, 7) = (P, J) in theorem 1, then we know that (P,.J) is exactly equal to (T,1)
if the exponents of contents of 7" and I are removed, resulting in the following theorem.

Theorem 3. Let 7 be a generalized biword and T = ¢(1) and D(T) be a description of T with
shadow lines in a Cartesian plane. Then there is a bijection from (T,I) of O, (0 — 0)x I(T)
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to D(1) of {D(7)|T = p(m),m € GBayp}. If (0,0, 7) = (P, J), then (P,J) is equal to (T, I)
in removing the exponents of contents of T and I.

Definition 1. The shadow S(7) of a generalized biword T is the set of points (x,y) such
that there is a point (z',y’) of the representation of T with ' <z, y' <.

Shadow lines of 7 are defined recursively. The first shadow line L, of 7 is the boundary
of S(7). To construct the shadow line L; 41 of 7 remove the points of the representation of
7 lying on L; and construct the shadrow line of the remaining points. This procedure ends
when there is no remaining point on the plane. The SW-coners of a shadow line are the
points of the representation of 7 located on this line ([8],[13]). The N E-coners of a shadow
line are the points (z,y) of the shadow line such that (x+1,y) and (z,y + 1) are not a part
of this shadow line.

step i= 0 1 2 3 3@ 4 5 51) 6
3 5
2 2 3 3 3 5 5 |6

0 L 1 1 2 2 |4 2 |4 3 |4 3 |4

Ty, T, T, Ts Ty Ts Ts Ty Tk
step i= 6 7 8 9 9() 10

6L

5 |6 5 |61 5

3 |4 3 16 3 160 |5 [6Y] |5 0

Ty Tho T4 Tho T3 Ty

Figure 4.2

Definition 2. The k' skeleton of a generalized biword defined recursively by
1. 7 =1

9 pk+1) _ < W(ay) W(az) ... W(am) ) where (a1,b1), ..., (@, by, ) are the NE-corners

I(b1) T(b2) ... T(by)
of 7®). The shadow diagram of T is the set of shadow lines of all the skeletons 7 of 7.
The shadow lines of 7% are denoted by Wj(k).

Example 4.2. Let 7 be the generalized biword of size 2n defined in example 4.1. Here
we have the description of shadow lines Wj(l), j=1,2, of 7 = p(m).
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L(y) v
6(1)7——-—1——-—————:
6 6 I
|
5 5 el
|
|
4 4 : Wzl
3 3 ‘———:
2 2 !
|
11 | wi
0 0 I

0 1 2 3 4 5 6 7 =z
15 10 9W9 8 7 5130 w(x)

Description of generalized biword 7 = ¢(7) with shadow lines

Figure 4.3

We can see that the shadow line Wi in Figure 4.3 describes the behaviour of the first
cell of the first row during the construction of Ty4, 713, ..., Ty. The shadow line VVl1 has four
SW-corners at (1,5), (3,3), (6,2) and (7,1). For the SW-corner (1,5), with ¥(1) = 10 and
I'(5) = 5, followed by (3,3) with ¥(3) = 9 and I'(3) = 3. During the construction of the
tableaux T4 to Ty, the first cell of first row is created during step 10 with label 5, this label
is replaced during step 9 by the label 3. The label 3 is replaced during step 5 by the
label 2 and during step 3% by the label 1, because ¥(6) = 5(1) and I'(2) = 2, ¥(7) = 31
and I'(1) = 1. The cell is deleted during step 1.

In the same way the shadow line W; describes the behaviour of the j™* cell of the it
row. So the theorem 4.1 in [1] is satisfied for a generalized biword and an oscillating
semi-standard tableau as follows.

Theorem 4. Let m be a generalized biword of size 2n and T the standardization of m, i.e.

T =(m). If ®(0,0,7) = (T,I) then the shadow line Wj(i) of T describes the behavior of the

Gt cell of the ith row of the tableaux Ty, ..., Ty in the following way :
1. a SW-corner (z,y) indicates that during step W (x), the label T'(y) fills in this cell,
2. when the line leaves the valid domain at (z,vy), this cell is deleted during step T'(y),
3. otherwise, the cell remains unchanged.
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I'(y) y Co
60 TE=d-o-bogo b
! I
1
6 6 ——p - 4= |- - - - W3
|
5 51 4 ,_____L_—Hl_l
4 4 Ay Wy
II 1
3 3 4 ¢ H--—- W}
|
2 2 d gl W
|
11 | wi
0 0 |

0 1 2 3 4 5 6 7
15 10 9M9 8 7 5130 y(a)

Description of a biword =

Figure 4.4

From Figure 4.2 the generalized biword 7 in Example 4.1 is in bijection with the following

pairs ((P, 1), (Q, I2)), where (P, I1) € (0,(0 — 3),I(P)) and (Q, I2) € (6,0 — B),I1(Q)):

L= 0 1 2 3 3 4 5 5
3 5
2 2 3 3 3 5
P— 0 U 1 1 2 2 4 2 4 3 |4
I, = 10 9 9 8 7 6 6 5
6
5 5 |6 5 |6 5 |6 5
Q= 0 Lo 5 |6 3 |6 3 |6 3 |4 3 |4 3 14
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