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(T) can also be expressed topologically, using the Fell Topology on the space of all unitary
representations of G. In this setting, property (7') amounts to saying that the trivial rep-
resentation is an isolated point of this space.

Definition 2.2. Let G be a group with a finite generating set S and let m be an irreducible
representation of G with representation space V. Define the Kazhdan constant

Kg(S,m) = infecsv,ymarses||m(s)€ =&l
where S(Vy) ={§ € Vy €] =1},
We define also:
Kq(S) :=inf{Kqg(S,m) : 7 is irreducible and non trivial}

We cite here the main result of Bacher and de la Harpe [BD] concerning Kazhdan con-
stants for the symmetric groups:

Theorem 2.3. For the symmetric group S, with the Coxeter system

S =1{(1,2),(2,3),..(n — 1,n)}

we have:
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2.2. Coxeter groups of type B.

Definition 2.4. The Coxeter group B, is the group of signed permutations of {1,...,n}.
Namely, B, consists of all permutations © of {—n,...,—1,1,....,n} such that 1(—k) = —m (k)
forall1 <k <n.

We represent elements of B, in cycle notation as permutations of {—n,...,—1,1,...,n}.
The elements

S0 = (1,—1)
and
si=0G—1,0)(—(—1),—i) (1<i<n-—1)

generate B, and satisfy the relations:

s2=1 (Vi)
sisj = sjs; (i —j| > 1),
(sisi1)’ =1 (1<i<n—1),
(sos1)* = 1.

They are called Cozeter generators. Denote Sp, = {so, S1, .., Sn—1}-
The goxeter graph of B, is:
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2.2.1. Representations of the groups of type B. We start with some definitions:

Definition 2.5. Let n be an integer. A partition of n of length | is a sequence a =
(a1, ...,a;) of nonnegative integers such that a1 > a3 > ... > a; and a1 + ... + a = n.
The size of « is defined by: |a| = a1 + ... + a;(= n).

A partition o = (aq, ..., ;) of n can be represented by an array of n boxes in [ rows with
row i containing a; boxes, (1 < <1). This is called the Young diagram of the partition a.

Definition 2.6. A double partition, A = (A1, A2) of size n is an ordered pair of partitions
A1 and Ag such that [\1] + |Xa| = n.

Every double partition A = (A, \?) of size n is equipped with a double Young diagram
which is a pair of Young tableaux, one for each \!. We also use the term shape for a double
Young diagram.

The irreducible representations of the groups B,, are indexed by the shapes A = (A!, \?)
such that [A| = |AY| 4+ |A\?| = n.

A standard Young tableau L = (L', L") is a filling of the Young diagram of A with the

. 1 2 - .
numbers 1, ...,n such that in each of L and L*" separately, numbers are increasing along
rows and along columns. For example,

1 3 4 9
6 8
2 5 7

is a standard tableau of the shape ((4,2), (3))

2.3. The groups of type D. The Coxeter group D, is the group of signed permutations
of {1,2,...,n} with an even number of negative signs. More precisely, D,, consists of all

permutations 7w of {—n,...,—1,1,...,n} such that 7(—k) = —m(k) for all 1 <k < n and an
even number of the numbers of 7(1),7(2),...,m(n) are negative. We represent elements of
D,, in cycle notation as permutations of {—n,...,—1,1,...,n}. The element

S0 (lv _2)(27 _1)

together with s; = (i — 1,7)(— (i — 1), —4),( 1 <4i <mn — 1) generate D,, and satisfy the
relations:

sisj = sjsi, (lit—j]>1, 14,5>0),
sos; = sjs0 (4 #2)
80823 =1,
$iSip1° = 1, (1<i<n-1),
s2=1 (1<i<n-—1).

The Coxeter group D,, can be realized as a normal subgroup of the Coxeter group B,, of
index 2.
The Coxeter graph of The groups of type D is:
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2.3.1. Representations of D,. Being a normal subgroup of B, of index 2, D, essentialy
inherits its irreducible representations from B,. By Clifford theory, the restriction to D,
of an irreducible representation corresponding to a shape A = (A1, A2) with (A1 # A9) is
an irreducible representation of D,. On the other hand, if A = (A1, A2) with Ay = Ao
then the restriction to D,, of the corresponding B,-representation splits into a sum of two
non-isomorphic irreducible representations of D,,. All irreducible representations of D,, are
obtained in this fasion.

2.4. The groups of type G(r,n). Let G(r,n) = C,.1S,, be the wreath product of C;. and
Sy . G(r,n) is a unitary reflection group consisting of all monomial matrices (i.e., products
of diagonal and permutation matrices) of order n x n whose non-zero entries are complex
r-th roots of unity.

Abstractly, the group G(r, n) can be presented by a set of generators Sy = {so, 51, ..., Sp—1}
with the following set of relations:

sp =1
=1 (i=1,..,n—1)
50515051 = S150S8150
sisj = 838i, (|i — j| > 2)
8iSi418; = Sit18i8i41 (1 =1,...,m —1)
Note that for r = 2, G(r,n) = B,.

2.4.1. Representations of G(r,n). The representation theory of the groups G(r,n) is a
generelization of the representation theory of B,. The only difference is that one works

with n— tuples of partitions and Young tableaux instead of double partitions and double
Young tableaux. For more details see e.g. [HR].

3. ExXAcT KAZHDAN CONSTANTS

Our first main result is an exact computation of the Kazhdan constant for the Coxeter
groups of type B.

Theorem 3.1. The Kazhdan constant of the group B, with respect to the set of Coxeter
generators Sp,, 18:

4
Kp,(SB,) =
5,(55,) \/ S (V3G - 1)

Sketch of the proof: The Kazhdan constant is achieved by the following procedure. We
begin by computing an upper bound for the Kazhdan constant of a specific representation
of the group B,,, namely the natural representation which reflects the action of the Coxeter
generators on the Euclidean space R™. The vector of R™ on which the upper bound is
attained is moved the same amount by all of the Coxeter generators and thus taken from
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the central chamber of the natural action of B,, on R™. This vector can be computed by
solving some linear equations.

The next step is to prove that that the value for the natural representation serves also
as a lower bound for every nontrivial irreducibe representation of B,. Since the natural
representation of B, is irreducible, we conclude that this value is the Kazhdan constant for
the whole set of representations of B,,.

The proof that the upper bound is also a lower bound is combinatorial in nature. The idea
is to divide the representation space of every irreducible representation which is composed
of standard Young tableaux of some given shape into n subspaces chosen according to the
digit located in top left box of the second tableau. The subspaces are chosen in such a way
that almost all of the Coxeter generators act invariantly on every single subspace.

We note that that a similar idea appears first in [BD], but their choice of the box which
splits the representation space into subspaces was inadequate to our case. Moreover, due
to the structure of the representation theory of B, our choice yields a more elegant proof.

We deal next with the family of Coxeter groups of type D. Here, since some of the
irreducible representations of D,, split into two irreducible representations the computation
is much more complicated. The case of non-splitting representations is very similar to the
case of the groups of type B while the case of splitting representations requires a new
parameterization of the basis by tableaux. The Kazhdan constant for the Coxeter groups
of type D is given in the following:

Theorem 3.2. The Kazhdan constant of the Cozeter groups of type D with respect to the
set Sp,, of Coxeter generators is:

2 1
KoulS0a) =[5 = m\/ S preaE——

The following result generalizes theorem 3.1

Theorem 3.3. The Kazhdan constants for the groups G(r,n) with respect to the set Sy
of generators is:

lpr — 1|2
S (14 G- 1))

Kaerm(Sw) = 5

where pr = e

Naturally, the next family of groups whose Kazhdan constant is interesting is the complex
reflection groups G(r,n,p). Work in this direction is in progress.
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