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ABSTRACT. The hook components of V®" interpolate between the symmetric power
Sym"™ (V) and the exterior power A™(V). When V is the vector space of k X m matri-
ces, a decomposition of the hook components into irreducibles involving convolutions of
Littlewood-Richardson coefficients is presented. Classical theorems of Ehresmann, Thrall,
Helgason, James, Shimura and others are proved as boundary cases.

RESUME. Les composants d’équerres de V" interpolent entre la puissance symétrique
Sym”(v) et la puissance extérieure A"(v). Quand V est Pespace vectoriel des matri-
ces k X m, une décomposition des composantes d’équerres en composantes irréductibles
comprenant des convolutions de coefficients de Littlewood-Richardson est présentée. Des
théorémes classiques d’Ehresmann, de Thrall, de Helgason, de James, de Shimura et de
d’autres sont prouvés comme des cas limites.

1. Introduction

The vector space My, of k x m matrices over C carries a (left) GLj(C)-action and a
(right) GL,,(C)-action. A classical Theorem of Ehresmann [3] describes the decomposition
of an exterior power of Mj ,, into irreducible bimodules. The symmetric analogue was given
later (cf. [7]). See Section 4 below.

In this paper we present a natural interpolation between these theorems, in terms of hook
components of the n-th tensor power of Mj, ,,. This interpolation involves convolutions of
the Littlewood-Richardson coefficients. Duality and asymptotics of the decomposition of
hook components follow.

Similar concepts are applied to the diagonal two-sided G Ly (C)-action on the vector space
of k x k matrices. Classical theorems of Thrall [19] and James [8] (for the symmetric powers
of symmetric matrices), and of Helgason [5], Shimura [15] and Howe [6] (for the symmetric
powers of anti-symmetric matrices) are extended, and a bivariate interpolation is presented.
This interpolation involves natural extensions of the Littlewood-Richardson coefficients.

Proofs are obtained using the representation theory of the symmetric and hyperoctahe-
dral groups, together with plethysm of symmetric functions and Schur-Weyl duality. The
techniques are different in spirit from those used in the classical works cited above, except
for [8].

The interpolations presented have surprising combinatorial implications, which will be
studied elsewhere.

2. DEFINITIONS AND NOTATIONS

Let n be a positive integer. A partition of n is a vector of positive integers A =
(A1, A2, ..., Ak), where A\ > Ao > ... > A and A\; + ... + Ay = n. We denote this by
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A F n. The size of a partition A - n, denoted |A|, is n, and its length, (), is the number
of parts. The empty partition () has size and length zero: || = ¢()) = 0. The set of all
partitions of n with at most k parts is denoted by Pary(n).

For a partition A = (\1,..., \;) define the conjugate partition ' = (N}, ..., ;) by letting
A; be the number of parts of A that have size at least i.

A partition A = (A1, ..., A\x) may be viewed as the subset

{(G,5) | 1<i<k1<j<N}CZ%

the corresponding Young diagram. Using this interpretation, we may speak of inclusion
@ C A, intersection A N u and the set difference A \ p of any two partitions. The set
difference is called a skew shape; when p C X it is usually denoted A/p.

A semistandard Young tableau of shape A/p is obtained by inserting positive integers as
entries in the cells of the Young diagram of shape )\, so that the entries weakly increase
along rows and strictly increase down columns. The content vector of a semistandard Young
tableau T' cont(T) = (m1,ma,...) is defined by m; := [{cells in T" with entry i}| for all
1> 0.

We shall also use the Frobenius notation for partitions, defined as follows: Let A be a
partition of n and set d := max{i | A\; —i > 0} (i.e., the length of the main diagonal in
the Young diagram of \). Then the Frobenius notation for A is (A\; — 1,...,A¢g —d | \] —

SN —d).
For any partition A = (A1, ..., Ag) of n define the following doubling operation
2- 0= (2\1,...,2Xg) F 2n.
If all the parts of A are distinct, define also
2%\ = (Ala---)\k | Al—l,...Ak—l) F 2n

in the Frobenius notation.

3. THE LITTLEWOOD-RICHARDSON COEFFICIENTS

Let a = (ay,a9,...,a,) be a sequence of positive integers. a is called a reverse ballot
sequence if for every 1 < i < mn and 1 < j < n the number of occurences of 7 in the prefix
(a1,...,a;) is not less than the number of occurences of i +1 in (a,...,qa; ).

A semistandard Young tableau of shape \/u is proper if, when reading its entries from
right to left, starting in the topmost row and going down, we obtain a reverse ballot se-
quence.

The Littlewood-Richardson coefficient cf;,, is the number of proper semistandard Young
tableaux of shape A/u and content vector v.

The irreducible S,-modules (Specht modules) will be denoted by S*, and the irreducible
GLy(C)-modules (Weyl modules) by V;*. The Littlewood-Richardson coefficients describe
the decomposition of tensor products of Weyl modules. Let p ¢ and v +n —¢. Then

Vku @V = @ C});VV]C)\7
AFn

for k > max{l(\),¢(u),¢(v)} (and the coefficients cl’\“, are then independent of k).
By Schur-Weyl duality they are also the coefficients of the outer product of Specht
modules. Namely,
(5" @ 8") 1ers, =P, St
AFn
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Let A and p be two partitions of the same integer n, and let 0 < ¢ < n. Define

M) = Z cgﬂcgﬂ, .
abFn—i, BFi

Thus M () is the number of pairs of proper semistandard Young tableaux of shapes A/a,
i/ respectively (where « is some partition of n — i) with conjugate content vectors.
Example.

(3.1) AMO0) =8y, M) = Sy
We shall use also the following notation for extended Littlewood-Richardson coefficients:
Cg\vﬁvé = Zcéucg,ﬁ;&;
12214

so that
A

4. SYMMETRIC AND EXTERIOR POWERS OF MATRIX SPACES

In this section we cite well-known classical theorems, concerning the decomposition into
irreducibles of symmetric and exterior powers of matrix spaces, which are to be generalized
in this paper.

Let My, be the vector space of kxm matrices over C. Then My, ,, carries a (left) GL(C)-
action and a (right) GL,,(C)-action. A classical Theorem of Ehresmann [3] (see also [11]) de-
scribes the decomposition of an exterior power of M}, , into irreducible GL(C) x GL,,(C)-
modules.

Theorem 4.1. The n-th exterior power of My, is isomorphic, as a GLi(C) x GLp,(C)-
module, to
A ( My ) 2 b Ve vy,
Anand AC(mk)
where X' 1is the partition conjugate to \.

The following three results on symmetric powers were proved several times independently;
these results may be found in [7] and [4].

The symmetric analogue of Theorem 4.1 was studied, for example, in [7, (11.1.1)] and
[4, Theorem 5.2.7].

Theorem 4.2. The n-th symmetric power of My, m, is isomorphic, as a GLy(C) x GLp,(C)-
module, to

Sym™ (M ) = @ V2 V.
An and ¢(\)<min(k,m)
Let M,j . be the vector space of symmetric k x k matrices over C. This space carries a

natural two sided GLy(C)-action. The following theorem describes the decomposition of
its symmetric powers into irreducible G L (C)-modules.

Theorem 4.3. The n-th symmetric power of M,;"k is isomorphic, as a GLg(C)-module, to

S’ym"(M]::k) & @ Vi,
xe Pary(n)
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This theorem was proved by A.T. James [8], but had already appeared in an early work
of Thrall [19]. See also [6], [15], [7, (11.2.2)] and [4, Theorem 5.2.9] for further proofs and
references.

Let M, be the vector space of skew symmetric k x k matrices over C. Then

Theorem 4.4. The n-th symmetric power of M, , is isomorphic, as a GL(C)-module, to

Sym"(M,;k) o @ Vk(Z-)\)/‘
(2-A) e Pary,(2n)

This theorem was proved in [5], [6], [15]. See also [7, (11.3.2)] and [4, Theorem 5.2.11].

5. MAIN RESuLTS

Let My, ., be the vector space of k x m matrices over C. The tensor power M, ,?ZL carries a
natural Sp-action by permuting the factors. This action decomposes the tensor power into
irreducible S,-modules. Let M ,;@Zl(z) be the isotypic component of M ]f); corresponding to

the irreducible S,-representation indexed by the hook (n —i,1%), where 0 < i < n—1. This
component still carries a GLx(C) x GL,,(C)-action. Its decomposition into irreducibles is
given by a convolution of the Littlewood-Richardson coefficients.

Theorem 5.1. Let A and p be partitions of n, of lengths at most k and m, respectively.
For every 0 < i < n the multiplicity of the irreducible GLy(C) x GLy,(C)-module V} ® Vi
in MP™ (i —1) & M,S@gl(z) is the restricted convolution c™ (i), as defined in Section 3 above.
By convention, MS:,L(—l) = MEZ(n) =0.

Theorem 5.1 interpolates between two well-known classical theorems, Theorems 4.1 and
4.2. Indeed, M" (0) = Sym"™(Mj,,) and M°" (—1) = 0. Substituting i = 0 and applying
(3.1) shows that the relevant multiplicity is 57,\,“ thus proving Theorem 4.2. Similarly, the
substitution ¢ = n gives Theorem 4.1.

The following corollary generalizes the duality between Theorem 4.1 and Theorem 4.2.

Corollary 5.2. Let p C (m™) and X be partitions of n. For every 0 < i < n — 1 the
multiplicity of Vk/\®Vm“ n M,?;fl(z) is equal to the multiplicity of Vk/\®Vm“/ n M,?Tr:l (n—1—1).

Let A and p be partitions of n. Define the distance
1
d(A p) = 5 Z (i — pal-
7

Theorem 5.1 together with results of Regev [14, Theorem 12] and Dvir [2, Theorem 1.6]

imply

Theorem 5.3. If V) ® Vi appears as a factor in MZ" (t) (for some 0 <t <mn —1) then
d(\, p) < km.

This shows that, for Vk’\ ® Vih to appear in a hook component, A and p must be very
“close” to each other (for k& and m fixed, n tending to infinity).

Consider now the vector space My, ;. of k x k square matrices over C. Let Mgg(i,j) be
the component of M SIZ () consisting of tensors with j skew symmetric and n — j symmetric
factors. M,?jg(i, j) carries a GLi(C) two-sided diagonal action. The following theorem
describes its decomposition as a G Li(C)-module.
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Theorem 5.4. Let A be a partition of 2n of length at most k. For every 0 < i < mn and
0 < j <n the multiplicity of V) in M7 (i, §) & M2y (i — 1, ) is

A
€2.0,(2:8)",247,(256)">
||+ Bl +|v[+d|=n, |B]+]0]=5 , |v]+|d]=i

where the sum runs over all partitions «, 3,7, with total size n such that v and § have
distinct parts, B and 0 have total size j, and v and § have total size i. The operations *
and - are as defined in Section 2, and the extended Littlewood-Richardson coefficients céﬂ,ﬂ;
are as defined in Section 3.

The proof of Theorem 5.4 involves results on plethysm of elementary and homogeneous
symmetric functions [13, Ch. I §8 Ex 5-6].

Theorem 5.4, for ¢ = 0, interpolates between classical results, regarding symmetric powers
of the spaces of symmetric and skew symmetric matrices (Theorems 4.3 and 4.4). Another
boundary case, i = n, gives an interpolation between exterior powers of the same matrix
spaces.

Corollary 5.5. Let A C (k*) be a partition of 2n. For every 0 <i<n—1 and 0 < j < n,
the multiplicity of Vi in M,?,?(i,j) is equal to the multiplicity of Vk/\, in M,?,’:(i,n —7)-

For proofs and more details see [1].
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